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Abstract

In this paper, we propose a framework for deforming heterogeneous
volumetric objects defined as point sets with attributes. In contrast
to homogeneous volumes with uniform distribution of material and
other properties, a heterogeneous volumetric object has a number
of attributes assigned at each point. An attribute is a mathematical
model of an object property of arbitrary nature (material, photomet-
ric, physical, statistical etc.). It is not necessary for an attribute to
be described by a continuous function.

In our approach, the function representation (FRep) is used as
the basic model for both object geometry and attributes represented
independently using real-valued scalar functions of point coordi-
nates. While FRep directly defines object geometry, for an attribute
it specifies a space partition used to define the attribute function.

Deformation of an existing object is usually considered as the
final step of the modelling process. In this paper, we propose to
define a new node in the FRep tree based on shape-driven deforma-
tions. These deformations can be controlled by additional shapes
(points, curves, surfaces, or solids) and can be applied to object
geometry and attributes at any modelling step.

CR Categories: I.3.5 [Computational Geometry and Object Mod-
eling]: Object representation, Hierarchy and geometric transforma-
tions —;

Keywords: Deformation, Implicit Surface, Function Representa-
tion, Heterogeneous Objects, Constructive Hypervolumes

1 Introduction

Volume modelling has become an important research topic. In con-
trast to homogeneous volumes with uniform distribution of proper-
ties, a heterogeneous volumetric object has a number of attributes
assigned at each point and varying in 3D space. It is not necessary
for an attribute to be continuous. Heterogeneous volumetric objects
can be modelled as 3D point sets with non-uniform distribution of
attributes of an arbitrary nature (photometric, material, physical,
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statistical, etc.). Heterogeneous objects are considered in such dif-
ferent areas as CAD/CAM and rapid prototyping of objects with
multiple materials and varying material distribution, representing
results of physical simulations, geological and medical modelling,
volume modelling and rendering.

Different models based on the boundary representation [Kumar
and Dutta 1997; Kumar et al. 1999], volumetric [Chen and Tucker
2000; Park et al. 2001; Martin and Cohen 2001], and function-based
constructive techniques [Pasko et al. 2001] have been proposed for
heterogeneous objects. As it was shown in the mentioned publica-
tions, real-valued functions serve well for modelling both geometry
and attributes. We follow in this paper a generalised constructive
hypervolume model [Pasko et al. 2001; Pasko et al. 2002], which
supports uniform constructive modelling of point set geometry and
attributes using real-valued functions of several variables.

We propose in this paper to define deformations for both ge-
ometry and attributes of heterogeneous objects, based on the con-
structive hypervolume model. We present in the following subsec-
tions existing deformation techniques, the constructive hypervol-
ume model and then the motivation of our work.

1.1 Previous works

One of the first deformation scheme, calledwarping, was proposed
in [Parent 1988]. Given a polygonal surface, a vertex is selected,
and moved towards the outside of the object. Neighbour vertices of
the mesh are then displaced according to a distribution function de-
pending on their distance to the displaced vertex. One drawback of
this method is that it can not be used to define global deformations.

Another technique, called FFD [Sederberg and Parry 1986; Co-
quillart 1988] which stands forFree-Form Deformation, embeds
the object to be deformed into a rectangular volume defined using
a control point lattice. Then, while moving the control points, the
embedding volume and the embedded object are deformed. Several
extensions have followed, namely EFFD forExtended Free-From
Deformation[Coquillart 1990], where the embedding volume is re-
placed by some more complex one, or the RFFD (Rational Free-
Form Deformation), where another degree of freedom is provided
while adding a weight factor to the control points of the lattice.
One of the last extensions of the FFD model is presented in [Mac-
Cracken and Joy 1996], where a subdivision volume is used to em-
bed the object.

Several other deformation techniques exist. For instance, instead
of embedding the object into a volume, an axis can be defined in
the object. Then, as one deforms the axis, the object deforma-
tion follows. The axis can be a broken line [Parent 1988; Lazarus
et al. 1994], a B́ezier curve [Chang and Rockwood 1994] or even a
Bézier surface [Mikita 1996]. Other approaches to deformation in-
clude the ”simple constrained deformation“ using ellipsoidsScodef
[Borrel and Bechmann 1991; Borrel and Rappoport 1994; Bech-
mann 1994], and its extension with generalised meatballs [Jin et al.
1998], the ”implicit free-form deformation“IFFD [Crespin 1998],
and the ”Wires“ model [Singh and Fiume 1998].



Control of 2D image deformation using feature shapes (points,
segments) was described in [Beier and Neely 1992]. Similar ap-
proaches were proposed independently for controlling 3D defor-
mations [Savchenko et al. 1995; Ruprecht and Mueller 1995] and
3D metamorphosis of homogeneous volumes [Lerios et al. 1995].

1.2 Constructive hypervolume model

In this paper, we choose to use the constructive hypervolume model
for representing heterogeneous objects. A point set with attributes
can be considered as a hypervolume object [Pasko et al. 2001;
Pasko et al. 2002], and expressed as the tuple:

o = (G,A1, . . . ,Ak) : (G,S1(X), . . . ,Sk(X)) (1)

where :

• X = (X1, . . . ,Xn) is a point of the Euclidean spaceEn

• G is a point set.

• Si is a real-valued scalar function representing an attributeAi

In 3D, the point setG can be defined using any existing representa-
tional schemes for solids: BRep, CSG, spatial partitioning, genera-
tive models, ray implementation, and others.

In this paper, the point setG and the attribute functionsSi are de-
fined by real-valued functions using FRep [Pasko et al. 1995]. The
functionF corresponding to an FRep object is at leastC0 continu-
ous and defined in the Euclidean spaceEn. F is called adefining
function. The object is then defined by the inequalityF(X) ≥ 0,
since this inequality defines three closed sub-sets inEn, a point set
whereF is positive, another whereF is equal to zero, and a last one
whereF is negative. In the 3D case, the equalityF = 0 is called
in the literatureimplicit surface. The functionF is evaluated by a
procedure traversing a tree structure, where primitives are placed at
the leaves, and operations at the nodes. Because the functionF is
built using a constructive method, the hypervolume object defined
in eq. 1 can be calledconstructive hypervolume. For a similar rea-
son, to theF andSi functions correspond trees, which can be called
respectivelyconstructive geometric treeandconstructive attribute
trees.

An attribute can be defined as a mathematical model of an object
property of arbitrary nature defined at any point of the point set. For
example, to model a mechanical part with varying internal material
distribution one can introduce a three-dimensional solid as a point
set and a real-valued scalar function to represent material density as
an attribute. In this paper, we consider attributes as the photometric
properties of an object. It includes colour, ambient, diffuse, spec-
ular and reflectance property. In this case, a special technique for
texturing objects has been proposed [Pasko et al. 2002], calledcon-
structive solid texturing. This method consists in defining a space
partition using constructive trees, and in each subset, different at-
tributes are defined, i.e., solid textures [Peachey 1985; Perlin 1985].

Figure 1 is given as an illustration. The constructive geometric
tree is composed of two twisted blocks, blended with a cylinder
(Fig. 1a). The space partition is shown in Fig. 1b. It consists
of three subsets. The first one is defined as a union of four swept
spirals; the second of a union of three tori; and the last one is the
remaining space. Then, for each given point, a tree traversing pro-
cedure is applied to the geometric tree to determine whether or not
the point belongs to the object. In the affirmative case, another tree
traversing procedures are applied to determine which subset of the
space partition the point belongs to. Depending on the result, differ-
ent colours (i.e., the attributes in this example) are then calculated.
If the point belongs to the swept spirals, the result is a constant blue
colour, or if it belongs to the tori, a constant grey colour is returned.
If none of those cases happen, then a colour based on the Perlin
noise function is generated, as well as the opacity attribute. The
result is shown in Fig. 1c.
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Figure 1: Example of a constructive hypervolume. (a) The geomet-
rical tree composed of two twisted blocks blended to a cylinder. (b)
The space partition defined as three tori and four swept spirals. (c)
The resulting textured object.

1.3 Contribution

Most of the techniques for deformations presented in the previous
works subsection can not be directly used in the constructive ap-
proach. Indeed, those techniques are applicable only to a polygonal
surface, as they are defined using a forward mapping. Even if some
deformation tools deform the whole space using a function from
ℜ3 → ℜ3, such as in [Crespin 1998; Bechmann 1994], they are
applied directly to the vertices of a polygonal surface.

In [Schmitt et al. 1999], the constructive approach and the vol-
ume sculpting approach were combined using the unifying FRep
model. In this paper, we propose to define a new node for the FRep
tree for deformations. One important goal is to provide the possibil-
ity for the user to model an object without the traditional separation
between the constructive approach, the sculpting process and the
deformation steps. Usually, the modelling scheme is as follows:
first one models an object in some way, and then uses deforma-
tion tools to obtain the desired shape. As most of the existing tools
for deformations are using forward mapping, once the object is de-
formed, one can hardly return to the modelling step, and combine
the existing object with some other.

In order to be able to switch from the modelling step to the de-
formation step whenever it is needed, one solution is to define the
deformation using inverse mapping, and thus to provide a new node
for the FRep tree. To calculate the inverse mapping from the for-
ward mapping of the previous work is a very difficult operation, and
is even sometimes impossible. A preferable solution is to define a
new node from the scratch. Of course, several similarities can be
found with the previous works, and we used general ideas for defin-
ing this new node. But one has to keep in mind that the definition
we propose is based on inverse mapping, and thus, even if the vi-
sual result of the deformation is close to existing deformations, the
underlying idea is different.

Deformation nodes already exist in the FRep tree. One can easily
twist, taper or stretch an object along an axis. These deformations
are based on the work presented in [Barr 1984], but the set of avail-
able deformations is quite limited. A general framework for defor-
mations in the FRep model has been proposed in [Savchenko and
Pasko 1998], where the so-calledextended space mappingis de-
fined. In [Savchenko et al. 1995], deformations were defined using
point-controlled space mapping, but it had a too global character
due to the interpolation with radial-basis functions.



We propose in the following to define new deformation tools to
deform an object, either locally or globally. Let us first consider
a simple translation, as in [Savchenko et al. 1995; Savchenko and
Pasko 1998]. Letf be a defining function of some geometric ob-
ject, andT a translation vector defined as(dx,dy). Then, given
a defining functionf of a 2D object, the inverse mapping for this
transformation is defined as:

T : f (x,y)→ f (x−dx,y−dy) (2)

This operation is globally applied to the entire object, asdx,dy are
constants. Now, let us define the deformation by non-linear space
mapping. Consider the same 2D object and the displacement of a
point A towards a pointA′. To define a local deformation centred
on the pointA, one has to respect the two following requirements:

• (dx,dy) have maximum values atA′.

• (dx,dy) drop uniformly to zero when(x,y) is far fromA′.

The behaviour of the deformation depends on the calculation of
(dx,dy). In the remaining of this paper, we present different ap-
proaches that respect those requirements. The first set of deforma-
tions, proposed in the next section (2), contains point to point based
deformations. Traditional field functions, i.e., a combination of po-
tential and distance functions, are used to define new deformation
tools. The section 3 proposes another set of deformations, and in
some senses, extends the point to point based deformations. This
set offers the possibility to define an area of influence for the de-
formation, as well as a target area. Several examples are given to
illustrate our approach, and in the last section (4), complex exam-
ples are given.

2 Deformations using field functions

2.1 Potential functions

We propose in this section to define a set of deformation tools
based on field functions. The analogy of the above requirements
with blobby objects, soft objects, metaballs and others [Blinn 1982;
Blanc and Schlick 1995] is straightforward. Given a skeleton point,
an object is defined for every given points in the space as a com-
position of a distance functionγ with a potential functionf . The
resulting function,f ◦ γ is a real-valued function in[0,1]. When
the given pointX is located on the skeleton point, the resulting real
value is equal to one, and it drops to zero asX is far from this skele-
ton point. On the base of these properties, we can formulate an
inverse mapping for a deformation as follows:

{
X′ = X−∆(X)
∆(X) = f (γ(X))(A′−A) (3)

whereX is an input point of the Euclidean space, andX′ its image
after applying the inverse mapping,A and A′ are the source and
the target points of the deformation. By comparison, the pointA is
the skeleton point, and as one can see, the deformation is maximal
when the given pointX is located onA, and equal toA−A.

The choice of the potential function and of the distance func-
tion is important. Several authors studied the definition and the
behaviour of potential functions. A good survey can be found in
[Blanc and Schlick 1995]; and a potential function is also defined
based on piecewise rational polynomial. This function has the ben-
efits to have a low computational cost and to include a hardness
factor. This function is defined as follows:

f (γ) =





1− (3γ2)2

p+(4.5−4p)γ2 if 0.25≤ γ2 < 1
(1−γ2)2

0.75−p+(1.5+4p)γ2 if 0≤ γ2 < 0.25
0 otherwise

(4)

Figure 2: Deformation of a block by space mapping using the po-
tential function 4. Five different deformations using the same dis-
placement along the vertical axis with five different hardness fac-
tors.

whereγ is a distance function. Another valuable property of this
potential function is it is based on a squared distance function, and
thus avoids the use of a square root. The use of the hardness factor
is intuitive, and the application of this function as a deformation
tool is straightforward, as Fig. 2 shows, where a block is deformed
using the above potential function. For a similar displacement along
the vertical axis, different hardness factors have been used. The
distance function used for this example is similar to the one defined
in eq. 6. More details on the distance functions can be found in the
next section.

2.2 B-spline based deformations

The set of deformations generated by the potential function pro-
posed in [Blanc and Schlick 1995] and other may not offer a suf-
ficient variety. Thus, we propose here to use another distance
function based on a parametric curve [Nishita and Nakamae 1994;
Kasic-Alesic and Wyvill 1991; Blanc and Schlick 1995]. We
choose the cubic B-spline functions as illustrations. Any other in-
terpolation function can also be used. As it was previously men-
tioned, the main requirement to a potential function is to drop to
zero given a certain radius of influence.

Let us consider a B-spline function of one variablef (t) , de-
fined by a set ofn control points{Pi}. The parametert belongs
to the parametric space[0,1]. Control points are defined in a2D
space. While the first coordinate is used to locate the point in the
space, i.e., regularly placed along thex-axis to insure thatf x(t) = t,
the second coordinate is a scalar coefficient. We also assume that
outside this domain, the B-spline function remains equal to zero
(see the book [Farin 1990] for more details). In the following, the
B-spline function will be used as a potential function, and the dis-
tance function will define the parametert, i.e.,t = γ2(X). Then, by
changing the scalar values of the control points, different shapes,
and thus, different deformations, can be obtained using the B-spline
function interpolation.

Let us consider two pointsA andA′, as respectively the source
and the target point, and a distance functionγ . Then, for every
given pointX, one can evaluate the distance betweenX and A′,
γ(X). WhenX is placed atA′, γ(x) is equal to zero, the B-spline
function is equal tof (0), i.e., equal to the scalar value of the control
pointP0. WhenX is far fromA and the distanceγ2(X) increases, as
it was stated in the definition of the B-spline function, this function
will drop to zero when the distance function is greater than 1.

To define deformations using the B-spline potential function is
simple. An additional step is needed as one needs to model the
shape of the B-spline function, i.e., to change the scalar coefficient
of the control points. In the following, this shape will be called
profile. Once this profile is defined, the application of the space
mapping is straightforward. Previously, we formulated the require-
ments that first the displacement has to be maximum for the target
point, and drops uniformly to zero as the given point is far from the
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Figure 3: Block deformed using a B-spline based potential function.
(a) Profile of the B-spline function. (b,c) Different views of the
deformed object.

target point. This statement is still exact, but may be too restrictive
in the case of the deformation based on B-spline function. Consider
for instance Fig. 3a, where a profile has been designed. The scalar
value of the control pointP0 is not the greatest one, and even neg-
ative values have been assigned to some other control points. As
one can see in Figs. 3b andc, where different views of the resulting
object is shown, the deformation follows the profile. So the require-
ments of a deformation are first the deformation has to be centred
along the displacement vector, and the displacement should reach
zero at some given distance with no restriction of the monotone
decreasing.

2.3 Distance functions

Once the potential function is chosen, (eq. 4 is a good candidate),
one can use different distance functions. Indeed, as the potential
function is a function of one variable, it depends only on the dis-
tance value, and even if different values for the hardness factor
produce different deformations, the set of available deformations
is quite limited. The simplest definition for the distance function is:

γ2 =
(x−xA′)2 +(y−yA′)2 +(z−zA′)2

r2 (5)

whereA′ is the target point, andr is the radius of influence. This
distance function is the traditional Euclidean distance function, also
known as thespherical distance. Figure 4 shows in greyscale the
area of influence around the target point. Black colour corresponds
to γ = 0, and white colour toγ ≥ 1. Due to the definition of the
distance, it is clear that the deformation is symmetric along each
axis. Furthermore, the displacement of the source and the target
point is limited, depending on the radius of influencer. In Fig. 4a,
the distance between the source and the target point is lower thanr;
the deformed part remains connected to the object. When the point
is moved too far from the source, a disconnected part appears. This
case is illustrated in Fig. 4b.

A simple solution to insure that no disconnected part will ap-
pear is to normalize the definition ofγ depending on each axis, and
thus change its definition from a spherical distance function to an
ellipsoidal distancefunction:

γ2 = 1
(rx)2

(x−xA′ )
2

1+(xA′−xA)2 + 1
(ry)2

(y−yA′ )
2

1+(yA′−yA)2 +
1

(rz)2
(z−zA′ )

2

1+(zA′−zA)2

(6)

whererx, ry andrz are three parameters which define the area of in-
fluence along each axis, and can be called radii of influence. Figure
4c shows the result while applying this new definition of gamma.
The same displacement of the target point has been used for both
Figs. 4b andc, without changing the radii of influence.

One natural solution extension is to use the generalisation of the
Euclidean distance function, known as theDn distance. This ex-
tension offers only one additional degree of freedom. Furthermore,
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Figure 4: Distance function. A point is moved towards the out-
side of the object, along an axis. The grey area shows the influence
around the target point. Black colour corresponds to distances equal
to 0, and white colour to distances greater or equal to 1. (a) Spher-
ical distance. The displacement is small; the displaced material is
still linked to the object. (b)Spherical distance. The target point is
moved too far from the object. (c) Ellipsoidal distance. Area of in-
fluence now depends on the distance of the given point to the source
point and to the target point.

Figure 5: Ellipsoid deformed using the superellipsoidal distance
function. Nine target points have been used.

if one uses the potential function defined in eq. 4, the behaviour
of the deformation depending on either the hardness factor or the
powern of the distance function is redundant. A more intriguing
solution is to use thesuperquadric distancefunctions. The direct
application is shown in Fig. 5, where several superellipsoids are
used to deform an ellipsoid. Notice the texture pattern follows the
deformation, as the deformations also occur in the attribute trees.
Extension to quadrics and other functions can easily be deduced.

3 Shape driven deformation

In the previous section, we defined an inverse mapping for point to
point based deformations, where a source point was moved towards
a target point. This case is the simplest, and we propose to use it
as a framework for the following extensions. First, we will define a
general deformation technique, and consider particular applications
of this general framework.

3.1 Framework for deformations

Given a source pointA and a target pointA′, we also consider two
special areas corresponding to an area of influence and an area of
projection. The area of influence is defined by a real-valued func-
tion Z̃, and takes value in the interval[0,1]. The area of projection
is defined explicitly, and can consist in a line segment, a plane or
others. Let us noteH, the projection of a given pointX on this area.
Using the same notation as in the previous section, we propose to



define a general deformation as follows:
{

X′ = X−∆(X)
∆(X) = f (γ(X))Z̃(X)(H−A) (7)

The use and the influence of each term of this equation are ex-
plained in the following sub-sections. The next sub-section (3.2)
illustrates the use of different functions for the area of influenceZ̃,
and the sub-section 3.3 considers different areas of projection. We
suppose that the potential function and the distance function are al-
ready chosen (eqs. 4 and 6 are good candidates).

3.2 Area of influence

In this subsection, our interest is turned towards the functionZ̃
defining the area of influence. It can consist in any shapes, such
as a block, a cone, or any other FRep object. LetZ be the defining
function of this FRep object.Z is a real-valued function, at least
C0 continuous, that takes value inℜ. To insure that the resulting
real value is in the interval[0,1], we propose to use the following
mapping function:

Z̃(X) =
1
2

(
1+

Z(X)√
(ϑ +Z2(X)

)
(8)

The variableϑ is an important feature in the behaviour of the
deformation. In some sense, it can be compared to the hardness
factor of the potential functions (eq. 4), and controls the blend of the
deformation with the initial object. Figure 6 shows a deformation
of an ellipsoid with different values ofϑ . TheZ function is defined
as a simple block, where the vertical axis is the displacement vector.
As one can see, asϑ is small, as the resulting deformation is close
to the area of influence with less blend, and as it gets bigger, as the
deformation is smoother and blends more with the initial object.

In the next example, Fig. 7, the area of influence is also defined
as a block, but a tapering operation has been added. From left to
right, one can see the initial deformation, the deformation tapered
along one axis, and then along both axes.

Figure 8 shows another deformed ellipsoid, but in this case,Z is
defined as a torus. Therefore, the deformation that can be achieved
looks like a torus. To emphasise the influence of the parameterϑ ,
three different deformations are shown, with different values for
ϑ . One important feature is that one can change the topology of
the initial object using the proposed deformation method. None
of the existing method based on forward mapping can handle this
problem.

Despite the topology change, the result is also interesting if one
considers the attributes of the object, i.e., the texture in this case.
In the torus example and for a givenϑ , the result is similar to a
blending union of the initial object and a torus. However one can
notice that the texture is stretched along the deformation.

Extensions to arbitrary orientations are straightforward. Con-
sidering the displacement vectorAA′, one can apply a set of two
inverse rotations and a translation to obtain the desired orientation
and location. Furthermore, as the area of influence is defined as a
FRep object, all the set of available operations and primitives can
be combined to define it. These possibilities extend considerably
the set of possible deformations.

3.3 Area of projection

The area of projection increases considerably the set of available
deformations. We consider in the following two areas of projec-
tion, i.e., a plane and a line segment. Furthermore, the proposed ex-
amples also consider projections of different natures, respectively a
perspective and a parallel projection.

Given a source pointA and a target pointA′, one can define a
cone of heightAA′, and a plane orthogonal toAA′ and containing

Figure 6: Influence of theϑ parameter in thẽZ function. From left
to right,ϑ < 1, ϑ = 1 andϑ > 1.

Figure 7: Changing the area of influence. TheZ function is defined
as a FRep tree, composed of tapering operation and a block primi-
tive. From left to right, the first figure shows the initial deformation,
then a tapering operation along one axis, and then along two axes.

Figure 8: Changing the area of influence andϑ . TheZ function is
defined as a FRep tree, composed of an intersection of a block and
a torus. The parameter varies in a similar way as in 6

A′. The cone is the area of influence of the deformation, and corre-
sponds to theZ function. For each given pointX, one can calculate
its projectionH onto the plane. In this example, we choose a pro-
jection similar to a perspective one, where the vanishing point isA,
andH is defined as the intersection of the lineAX and the plane.
The distance function is then calculated depending onH (and not
A′ as previously). The use of the area of influence takes now its full
meaning. Indeed, ifZ is not included in the definition of the inverse
mapping, an infinite deformation occurs. Figure 9a shows the re-
sult of such deformation. The object to be deformed is an ellipsoid.
The source pointA coincides with its centre, and the displacement
of the target pointA′ is along the vertical axis,z. The area for the
projection is defined as thexy plane, translated along thez axis of
AA′. The result is an infinite deformation. It naturally comes that to
cut the unwanted part of the deformation, one has to define the area
of influenceZ. Different results can be obtained depending on the
choice ofZ. Figure 9b illustrates the previous explanations, as we
choose a cone with axisAA′ for the area of influence, and in Fig.
9c, we choose to replace the cone by a block.

Instead of considering a plane as the projection area, one can
also consider a line segment. In the example shown in Fig. 10, the
initial configuration for the source and the target points is identical
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Figure 9: Shape driven deformation of an ellipsoid. Effect of ap-
plying the area of influence. The area of projection is a plane. (a)
No area of influence is defined, resulting is an infinite deformation.
(b,c) The areas of influence are defined respectively using a cone
function and a block function.
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Figure 10: Shape driven deformation of an ellipsoid. Influence of
the projection. The area of projection is straight line. (a) Initial
configuration. (b) Parallel projection of some points. (c) Resulting
deformation.

to the previous example of Fig. 9. The difference comes from the
projection area and from the influence area. The projection area is
defined as a line segment, and we choose to use a parallel projection
to map every pointX on it. The area of influence is defined as a con-
volution triangle. In Fig. 10a, one can see the initial state, where
the object to be deformed is an ellipsoid, the source and the target
points are positioned, as well as the line for the projection, and the
triangle for the area of influence. Figure 10b shows the projection
of three different points of the space,X1, X2 and X3. The three
new ellipsoids in the figure correspond to the distance function (as
usual, the internal part of the ellipsoid represents distance to centre
below or equal to 1). The pointX1 is mapped onto the projection
line, parallel toAA′. Its image isH1, but asX1 is located outside
the area of influence, the functioñZ(X1) is equal to zero andX1
will be mapped onto itself. The second pointX2 is mapped onto the
line, and its imageH2 corresponds to the centre of the ellipsoidal
distance functionγ. As γ(X2) is lower than 1, and asX2 lies inside
the area of influence, the pointX2 is mapped to some other location
(close toA to be more precise). The third pointX3 emphasises the
importance of the choice of the projection. As we mentioned previ-
ously, in this example, the projection is a parallel one. The pointX3
lies inside the area of influence. Its image generates an ellipsoidal
distance field, but as one can see, the valueγ(X3) is greater than
one. Thus, the corresponding potential valuef (γ(x3)) is equal to
zero, and the pointX3 will be finally mapped onto itself. Figure 10c
shows the resulting deformed object.

4 Examples

The proposed deformation framework can be used in various direc-
tions. One interesting method is to use a curve as a path for the de-
formation. Source points and target points are obtained while sam-
pling regularly the curve. The resulting deformation is expressed in
terms of FRep, i.e., successive small deformations correspond to the

Figure 11: Self intersecting deformations. An ellipsoid is deformed
using a spiral curve. Several intersections between the original
shape and the deformation occur. Right picture shows the inside
of the deformed object.

�

Figure 12: Example of the deformation using space mapping. Eyes,
nose, mouth, bumps and bottom horns result from point to point
based deformations, and top horns are obtained as sets of deforma-
tions along a sampled curve.

Figure 13: Deformations as carving tool. (Left) A block is carved
according to a path defined a long a curve. (Right) An additional
global deformation is then added, and the carving follows it.

Figure 14: Space mapping as new node in a FRep tree. Several de-
formations are applied to an ellipsoid and are then combined to a
FRep tree (intersection operation with a cylinder and another ellip-
soid).



nodes of a FRep tree. One important feature of such tree structure
is that the proposed deformation supports self-intersection. Con-
sider for instance an ellipsoid deformed along a spiral, as shown in
Fig. 11. The spiral intersects several time the ellipsoid. Figure 11a
shows a vertical cut of the ellipsoid, with the spiral shown in red,
and Fig. 11b shows the whole object. Here and there of the spi-
ral, holes are created as the neighbouring points are also displaced.
Resulting shape is similar to a shell.

Figure 12 provides an example where a single sphere is trans-
formed using several different space mappings. Some parts are de-
formed using single control points, such as the nose, the eyes, the
bumps on the top of the head, and the mouth. The straight horns at
the bottom of the head are modelled while using two deformations.
The horns at the top of the head are modelled by sampling two B-
spline curves. As one can see, deformations in arbitrary directions
can be obtained, and several deformation nodes can be combined
together. Figure 14 provides another example, where an ellipsoid is
deformed using four deformations, and is then combined to a cylin-
der and another ellipsoid using the set-theoretic intersection.

Figure 13 is given to show that the deformation scheme we pro-
pose can be also used to carve object, and even if the most of the
examples show major deformation of an object, subtle details can
be also defined. On the left part, an object has been carved (ac-
cording to two parametric functions of Lissajous). On the right, an
additional deformation has been applied. As one can see, the carved
details also follow the deformation.

Figure 15 shows the combination of a deformed object with an-
other primitive. The central object is a sphere deformed by several
space mappings. It is also deformed by a twisting operation. As
one can see, the shape driven deformations also follow the twist. A
torus is added to this object using a union operation. We choose
deliberately to apply only one deformation to the torus, identical to
one of the deformations applied to the ellipsoid.

The last example is a vase (Fig. 16). To model this object, we
combined the constructive approach with the sculpting and deform-
ing steps. First, the body was created using a B-spline object, and
then its top was deformed. The next step was to combine it with an
ellipsoid. Once both parts were combined, other deformations are
achieved along two curves, such as they get close to the body. The
final step was to create the handles of the vase. If the deformation
step was the last one as it is usually the case, to find the correct
location for the handles may be difficult, but as we built the tree
node by node, regardless of the nature of the operation, this task
was easy.

5 Conclusion

In this paper, we proposed different techniques for deforming con-
structive hypervolumes on the base of the FRep model. A first set
of deformations is point based, as arbitrary points in the space are
moved to arbitrary positions. Traditional field functions are then
used to define the deformation. The second technique consists in
moving arbitrary points too, but an area of influence for the defor-
mation is defined, as well as a target area. A large number of new
deformations can be obtained with this method, and it becomes pos-
sible to change easily the topology of the initial shape.

These techniques can be easily applied to traditional implicit ob-
jects. Nevertheless, the most intriguing results are achieved while
using the constructive hypervolume model. Indeed, if the proposed
deformations are applied only to the geometry of the object, simi-
lar visual results can be obtained with traditional set-theoretic and
blending operations. The justification of the proposed work takes
its full meaning when both attributes and geometry are considered.
If the deformation node is included in the geometric and attribute
trees, the deformation of geometry is followed by the corresponding
deformation of attributes. The complex examples that have been
given show that the texture intuitively follows the deformation of

the objects geometry.

We choose to define the deformations as a new node in the FRep
model. This brings the important feature that it becomes possible to
combine several modelling approaches to define objects. The first
one was the constructive approach, inherent property of the FRep
model, the second one was volume sculpting while using a node
based on trivariate B-spline and Bézier functions. In this paper, we
proposed a different technique of deforming existing object with the
use of different control shapes (points, segments, curves, surfaces,
and solids) and corresponding field functions.

�

Figure 15: Example of the shape-driven deformation. A sphere
is deformed, combined with a torus. Successive deformations are
applied at different level of the tree, deforming either the sphere and
the torus or only the sphere. A twisting operation is applied to the
deformed sphere.

Figure 16: Example of the shape-driven deformation. Constructive
modelling and deformation steps were performed in arbitrary order
while designing the shape and photometric attributes of this object.
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