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Abstract

Thepaperpresentsa novel approach for accuratepolygo-
nizationof implicit surfaceswith sharp features. Theap-
proach is basedon meshevolutiontowardsa givenimplicit
surfacewith simultaneouscontrol of the meshvertex posi-
tionsandmeshnormals.Givenan initial polygonizationof
an implicit surface, a meshevolutionprocessinitialized by
thepolygonizationis used.Theevolvingmeshconvergesto
a limit meshwhich deliversa highqualityapproximationof
the implicit surface. For analyzinghow closethe evolving
meshapproachestheimplicit surfaceweusetwoerror met-
rics. Themetricsmeasure deviationsof the meshvertices
from the implicit surfaceand deviationsof meshnormals
fromthenormalsof theimplicit surface.

1 Intr oduction

Implicit surfacesarewidely usedin variousapplications,
including engineering[26], computergraphics [6], and
mathematics[28]. Given a field function �	��

������������� ,
an implicit surfaceis definedasan isosurface(level set)of
thefield function, 

�����������������! #"%$'& .

For visualizationpurposes,polygonizationof animplicit
surfaceis oftenrequired.It includessamplingthefunction
at selectedpoints,estimatingthepositionsof themeshver-
tices,andconnectingthemto form polygons.This usually
resultsin spacealiasing(faceting)whichis acommonprob-
lemarisingwheneversomecontinuousobjectis represented

by asetof discretesamples.Suchfacetingis mostpervasive
for shapeswith sharpfeatures(edges,corners,spikes,etc.).

(�)+*-,
./,�0�1!2 &43657&�8 ) 59" *#:<; 5=& 1?>@)+ACB-;D) � ) &E$ : 8 2 5#� 1 �F #"HG$'&�8 : �!& 14>JI�K &�L 1MA 598N�NL ) " * � :<I%1 $ AM1 &�L< >O,QPR)D* L�&?35 2 & 1 8�5 B<B<;+K�) " * 5 AM1 $�L 1FS  ;+: & )  #" B 8� H� 1 $�$ >H1?S#1?;  B%14>) "T&�L ) $U5#8�& ) � ;D1/,V(�; 5=&6$�L-5 >H) " *C) $ : $ 1?>W,

In this paper, we developanapproachfor accuratepoly-
gonizationof implicit surfaceswith sharpfeatures.Given
an implicit surfaceand its (usually rough) initial triangu-
lation, we definea meshevolution processinitialized by
the triangulationand evolving the meshtowards the im-
plicit surface. The processalso fits the meshnormalsto
implict surfacenormalsandthereforetheevolving meshap-
proachesa high quality polygonizationof the implicit sur-
face.Fig.1 showsaninitial triangulationof animplicit sur-
facewith sharpedges(left) anda triangulatedsurfaceob-
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tainedaftercompleteingthemeshevolutionprocess(right).
Sharpfeatures,edgesandcorners,appearnaturallyif the

implicit surfaceis constructedusingsetoperations(union,
intersection,difference). The defining function for such
surfacecanbeobtainedby applyingmin/maxfunctionsor
moregeneral� -functions[25, 26, 29, 23] to the defining
functionsof the argumentsof setoperations.If the binary
treeof operationsis available,thenthesharpfeaturescanbe
foundby a numericalmethodthatanalyzesthefunctionsof
bothargumentsfor eachoperation[36]. However, if there-
sultingfunctionis evaluatedby aproceduremakingthetree
of operationsnotavailableto theapplication,thismethodis
notapplicable.

An elegantapproachfor fastfeature-sensitivesurfaceex-
traction from volume datadescribedby directeddistance
fieldswasrecentlyproposedin [15]. Unfortunatelythemost
implicit surfacemodelersstill work with thetraditionalone
functionrepresentation.

Onepossibleantializingapproachconsistsof adaptive-
resolution polygonization, in which the sampling rate
adaptsto thechangingfeaturesize(curvaturescale)of asur-
facebeingpolygonized[5, 12] (seealsoreferencestherein).

Anotherremedyto reduceapparentfacetingis smooth-
ing. To date,the mostpowerful approachesfor smoothing
polygonalmeshesaregeometricsignalprocessing[32, 33]
andmeshevolution by diffusionflows [28, 10, 9, 8, 3, 21].
However, thesesmoothingtechniquesexplore only local
meshpropertiesand,therefore,arenot bestsuitedfor iso-
surfacesmoothingwhen the original field function ����
�������������

is available.
Our basic idea is simple. Given a field function ����
�������������

andaninitial polyginization(a trianglemesh)of
the implicit surface

�
������������� ��� , we smooththe mesh

with simultaneousminimizationof

– thedistancesfrom themeshverticesto theisosurface;

– disparitiesbetweenthe isosurfacenormalsandmesh
normals.

In this work, we improveour dynamicmeshapproach[22]
developedfor optimizing polygonizationsof implicit sur-
faceswith sharpfeatures.

We act on the verticesof the evolving meshby three
forces. Two forcesoptimize positionsof the verticesac-
cordingto thevaluesof thefunctionandits gradientat the
vertices. The third force improvesmeshregularity. Com-
binationof thesethreeforcesallows usto achieve anaccu-
rateapproximationof theimplicit surfaceby a high quality
mesh.

Theleftmostandrightmostimagesof Fig.2 demonstrate
wireframeimagesof the initial andfinal trianglesurfaces
exposedin Fig.1, respectively. The two middle imagesof
Fig.2 show intermediatestagesof the evolution from the
initial meshto thefinal mesh.Note thatmeshverticesand
edgesalignwith sharpfeaturesof theimplicit surface.

The ideato usemesheswhoseverticesact asdynamic
particlesystemwasproposedin [11, 13] for 2D andin [17]
for 3D andsincethenwasextensively usedfor segmenta-
tion andtracking in multidimensionalimagesandvolume
data(see,for example,[4, 16, 18] for recentachievementsin
shapemodelingandanalysiswith deformablecontoursand
surfaces). Recentlydynamicmesheswereappliedto sur-
faceextractionfrom distancevolumedatasets[35]. How-
ever, in contrastto previousworks,ourmethodis developed
to obtainanaccuratemeshapproximationof animplicit sur-
facewith sharpedgesandcorners.It is achievedby asimul-
taneousadjustmentof themeshverticesandmeshnormals.
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2 MeshEvolution Toward Implicit Surface

Considera family of meshes��� evolving accordingto
thefollowing equation

� �9�Z� ���q��� � ����� �x ¢¡ ��� � ��� (1)

where� is ameshupdatingoperatoraccordingto displace-
mentvectors¡ definedat themeshvertices.In many situ-
ations(1) canbeconsideredasanexplicit approximationof
anevolutionof a family of smoothsurfaces.

Consideran implicit surface £��¥¤=

�������������6�§¦H¨ and
its polygonization�ª© . We wantto constructameshupdat-
ingoperator� suchthatthemeshevolutionprocess(1)with�ª© takenasthe initial conditionconvergesto the surface,���C«�£ , as ¬�«®­ .

We implementthe operator� satisfyingthe above re-
quirementasthe superpositionof threemeshupdatingop-
erators(meshflows) dependingon 
 andlocal meshprop-
erties: �§��¯±°³²´°Zµ
Theselocal operatorsare definedby the following vertex
updateprocedures

µ -flow 3n¶ �#·'¸º¹p» ¶Z¼�½D¾  m¿ �À¶Z¼�½D¾/��ÁO�À¶Z¼�½D¾Â���N
O� (2)¯ -flow 3n¶ �#·'¸º¹p» ¶Z¼�½D¾  ÄÃ ��¶
¼'½+¾#�NÁO��¶
¼�½D¾=���N
O� (3)² -flow 3n¶ �#·'¸º¹p» ¶Z¼�½D¾  mÅ ��¶
¼'½D¾/�NÁO��¶
¼'½+¾4��� (4)

where ÁW��¶E� denotesthesetof neighborsof vertex ¶ in � ,¿ , Ã , Å arevectorfunctions(forces).
In the subsequentsubsectionswe define thesevector

functionssuchthat µ -flow correctsthe meshnormalsac-
cording to the implicit surface normals, ¯ -flow pushes
meshverticestoward the implicit surface 

�������{�����T�Æ¦ ,
and ² -flow equalizesthemeshsamplingrate.

Fig.4 demonstrateshow thesemeshupdatingoperators
(flows) act on a trianglemesh. The top row demonstrates
fragmentsof thetriangulatedblockmodelshown in theleft
imageof Fig.1. Thebottomrow showsthesamefragments
aftera numberof repeatedapplicationsof theoperatorsµ ,¯ , and ² .

2.1 Moving meshverticestoward the implicit
surface

Thesimplestway to movemeshverticestowarda given
implicit surface 

�������������U�´¦ is to introduceanattracting
forcedefinedvia thegradientof 
 . In our implementation
wedefine Ã -forceat ameshvertex ¶ by

Ã ��¶`�NÁO��¶`�N
O���t� »RÇ<È ��¶E��É¥ÊD

��¶E��Ë!ÌU�� »6Í=Ç<È ��¶E��

�À¶E��ÉM

��¶E�!�
where É denotesthegradient,È ��¶E� is thesumof areasof
all meshtrianglesincidentwith ¶ , and Ç is a small posi-
tive parameter. Sincethe implicit surface 

�������������U�´¦ is

µ ¯ ²(�)+*-,³Î-,³Ï  B 8� =Ðx3 2 8�5 *#AM1 "�&�$M 2 &�L 1 &�8 ) 59" */:<; 59& 14>I<;  H�NÑ A  >H1?; $�L< =ÐR" ) "±&�L 1º;+1!2 & )+A 5 *#1  2M(�)+*-,F.#,Ò  #&�&� A 8� =Ðx3@&�L 1 $�5 AM1@2 8�5 *#AM1 "�&N$75 2 & 1 8p5º" :<A GI%1 8� 2 8 1?B%1 5=& 1?> 5 B<B<;+) �?5=& )  #"%$6 2 &�L 1  B{1 8N5=&� #8N$³µ�Ó¯7Ó-5#" > ² ,

the minimal level setof the function �Ô��

�������{����� Ë , Ã -
forcedefinedasabovemovesthemeshverticestowardsthe
surface.

A similar force »6Í9Ç $ )+* "W�À
O��ÉM
 wasusedin [34] in con-
nectionwith adaptive-resolutionpolygonizationof implicit
surfaces.

Fig.3 demonstratesa 2D level set 

�������<�Õ�§¦ defining
asquareandtheassociatedÃ -force.

Thevalueof Ç is chosento ensurenumericalstabilityof
(3). Basedon an analogywith a stability analysisfor the
first-orderlinearpartialdifferentialequations(theCourant-
Friedrichs-Levy stability criterion [24]) we select Ç such
that A 5=ÖO� ÈC× 
OÉM
 × � Ç@Ø�Ù �
where Ù is a constantindependentof themeshandfunction
 . In our currentimplementation,thetime step-sizeÇ is de-
finedby

Ç �
.. ¦#¦ A 59Ö{� Èn× 
OÉC
 × �`Ú (5)

Thegradient ÉM
 canbecomputedanalyticallyonly for
simple functions �Û�Ü

������������� . So we use standard
central-differenceformulasto estimatethegradient.

2.2 Meshoptimization according to implicit
surfacenormals

A better approximation of the implicit surface

�������������Ý� ¦ is achieved if we modify positions of
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�������<� Ë Ì ,

the meshverticessuchthat the trianglenormalsareclose
to correspondingimplicit surfacenormals.Fig.5 illustrates
advantagesof such mesh optimization. The left image
shows approximatinga smoothcurve by a polygonalline
whoseverticesare close to the curve. The right image
demonstratesthesamecurve approximatedby a polygonal
line whoseverticesandnormalsarecloseto curve points
andnormals.

(Z)+*-,VëH, ß¥� : 8 S#1 5 B<B 8� ÂÖ )DA 59& 1?>JI�K &'Ð� B  ;+K�*  #"%5 ;;+) " 1 $ ,�0�1!2 &?3 á &�& ) " * &�L 1xS/1 8�& 1 Ö B  �$ ) & )  #"%$R #" ;+Kq>  1 $"- 9&x5#$�$ : 8 1 5 *  � > 5 B<B 8� ÂÖ )+A 5=& )  /" ,�PU)D* L/&43 á &�& ) " *&�L 1CS#1 8�& 1 Ö B  /$ ) & )  #"-$�59" > "< #8 A 5 ; $6$ )DAn:<; &�59" 1  : $ ;+K)+AMB 8� S#1 $�&�L 1 5 B<B 8� ÂÖ )+A 59& )  #" > 8�5/$'& ) �?5 ;+;DK/,

An appropriateerrorfunctionwill beintroducedanddis-
cussedin Subsection2.4

Consideraunit vectorfieldì �������������
��ÉM

��������������í ×D× ÉM

������������� ×+×
It is orthogonalto the implicit surface 

�������������î�ï¦ at
the implicit surfacepoints. Fig.6 presentsa 2D example:
a squaredefinedasan implicit surface 

�������<���§¦ andits
associatedunit vectorfield ì �������<� .

Thefiguredemonstratesalsothatsmoothnessof thenor-
malizedgradientvectorfield ì dependson functionscho-
sen for basic Boolean operations. We use ð -functions
[25, 26, 30] since they have betterdifferential properties
thanthecommonlyused

AM) "�í A 5=Ö functions.

(�)+*-,Tñ<, ßò$�à : 5#8 1ó>H1Fá " 14> 5#$�5#" )DAMB<;+) � ) &�$ : 8�G2 5#� 1 

�������H�ô� ¦ê59" > &�L 1óS#1 ��&� /8 á-1F;u> ì �ÉC

�������H��í ×+× ÉM

�������<� ×D× ,Q0W1!2 &43 AM) "�í A 59Ö 2�: "-��& )  /"-$Ð 1 8 1Õ: $ 1?>O,�PU)D* L/&43 ð G 2�: "%��& )  #"%$`Ð 1 8 1Õ: $ 1?>O,

We want to move mesh vertices such that for every
meshtriangle õ the meshnormal ¬���õ�� becomesclosertoö ��õ����´ÉC

��÷x��í ×D× ÉM

�À÷x� ×+× , where ÷ is thecentroidof õ .
It is achievedby the µ vertex updateoperator(2) with

¿ �À¶`��ÁO�À¶E����
O��� .ø È ��õ��
ù È ��õ��ûú³��õ����

where ú³��õ��J�ýü »F» «¶E÷ÿþ ì ��õ���� ì ��õ�� is the projectionof

the vector »?» «¶E÷ on the ì ��õ�� direction, È ��õ�� denotesthe
areaof õ , andthesummationsaretakenoverall ¶ -incident
triangles,seeFig.7.

A similar vertex updateoperatorwas usedin [21] for
creaseenhancementpurposes.
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2.3 Mesh relaxation

To improve meshregularity we usethe tangentialcom-
ponentof the Laplaciansmoothingflow. The Laplacian
flow, in its simplestform, movesrepeatedlyeachmeshver-
tex by a displacementequalto a positive scalefactortimes
the averageof the neighboringvertices. Considera mesh
vertex ¶ andits neighbors� � , Ú?ÚFÚ , � � . TheLaplacianflow
is determinedby theumbrellavector � givenby

�J�À¶E�³� .
¬ �ù ���

� �
�
» ¶ Ú SeeFig.8.
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(Z)+*-,
	-,<Ï L 1x:<A�I 8 1?;D; 5 S/1 �!&� #8��|��¶E� ,

Thevertex updateoperator² equalizingthemeshsam-
pling rateis definedby (4) with

Å ��¶`�NÁO��¶E���³��÷
� � » ��� þ��
������� (6)

where � is themeshnormalat vertex ¶ and ÷ is a positive
constant.In ourcurrentimplementationwe use ÷ª��¦ Ú . .Fig.9 demonstrateshow thetangentialcomponentof the
umbrellaoperatorimprovesthemeshsamplingquality.

However, the ² -flow (4) doesnot preserve sharpedges,
asit is demonstratedin Fig.10.

Thusdealingwith animplicit surfacewith sharpfeatures
we have to switch off the meshquality improving ² -flow

(�)+*-,��<,Z0W1!2 &43C5 B  ;+K�*  /" )Dâ?1?> $ B L 1 8 17*/1 " 1 8�59& 1?>JI�K&�L 1CA 598N�NL ) " * � :<I{1 $ AM1 &�L< >O,xPR)+* L�&?3`&�L 1nAM1 $�L ) $)DAMB 8� S#14>7I�K $ 1?S#1 8�5 ;%) & 1 8�59& )  #"-$t 2 &�L 1ÕAM1 $�Lp8 1F; 5=Ö�G5=& )  #"T²QG��- =Ð ,

(�)+*-,�. ¦ ,
� L-598 B@1?>H*/1 $` 2 5M� :<I{1 5#8 1�I 8� #Ñ 1 " I�K &�L 1AC1 $�L�à : 5 ;D) & K7)+ACB 8� S�) " * ²QG��- =Ð ,
whenthe flow interfereswith the mesh-to-surfaceconver-
genceprocess.

Fig.11 demonstrateshow µ -flow (2) and ¯ -flow (3)
transforma polygonizedsphere(top-left image)toward a
cube(bottom-rightimage)definedasanimplicit surface.If
only ¯ -flow is applied,thespheretransformsto apolygonal
surfaceshown in thetop-right image.If themeshis moved
by µ -flow only, the spheretransformsto a polygonalsur-
faceshown in the bottom-left image. A perfectmetamor-
phosisof thesphereto thecubeis achievedif atfirst weuse
the compositionof the threeintroducedflows ² °�¯ °tµ
andthenshift to theflow ¯�°Oµ accordingto ananalysisof
anerrorfunctiondefinedandstudiedin thenext subsection
seeFig.12.

2.4 Err or analysis

To analyzehow closetheevolving mesh��� approaches
theimplicit surface

���������������è¦ , as¬ç«�­ , weintroduce
errorestimatorfunctions ��� measuringthedeviation of the
meshverticesfrom 

�������{�����V��¦ and � � characterizingthe
deviationof themeshtrianglenormalsfrom thenormalized
gradientvectorfield ÉM
Wí ×D× ÉM
 ×D× .

The squareddistancefrom a meshvertex ¶ to the im-
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plicit surface 

�������������E� ¦ canbe estimatedby the first-
orderapproximation[31] 

�À¶E� Ë í ×+× ÉM

��¶E� ×D× Ë . Sowedefine��� by

�;�Õ� .Þ øNm ½ ½on È ��õ�� ùm ½ ½op
qr 

�À¶E� Ë
×+× ÉM

�À¶E� ×+× Ë

ùn�s�t u�v1w�p�xÈ ��õ��>yz´�
wherethe sumis taken over

) "-�#�À¶E� , all meshtriangles õ
incidentwith ¶ , and È ��õ�� denotestheareaof õ .

The deviation of the mesh triangle normals from

ÉM
Wí ×+× ÉM
 ×+× is estimatedby� � � .ø{m ½r½,n È ��õ�� ùm ½ ½,n Ê È ��õ��O� . » �t��õ��Zþ ì ��õ���� Ì �
where the summationsare taken over all the mesh tri-
angles õ , �t��õ�� is the unit normal of õ , ì ��õ�� �ÉM

�À÷x��í ×D× ÉM

�À÷x� ×D× , where ÷ is thecentroidof õ .

Note that �;� mimics the sumof squareddistancesfrom
the meshverticesto the implicit surface and � � gives a
weightedsum(integral)of squareddifferencesbetweenthe
meshandsurfacenormalssince

��� » ì � Ë � Í � . » ��þ ì � Ú
Note that �;�   �%| mimics the squared}|� norm used

widely in thetheoryof partialdifferentialequations[1] and
for erroranalysisof finite elementmethods[7].

As wenotedin theprevioussubsection,themeshmotion
by the tangentialcomponentof the umbrellaoperator( ² -
flow) destroys sharpedges,seeFig.10. We switch off the
meshregularizationby ² -flow after � � hasstabilized.

Fig.13 demonstratesthe behaviors of � � and � � for the
block modelmeshevolution (seeFig.1 andFig.2) andthe
sphere-to-cubetransformation(seeFig.12).

3 Further Impr ovements

3.1 Modified ¯ - and µ -flows

Alternatively, at thefinal stageof ourmeshoptimization
procedure,a combinationof modified ¯ - and µ -flows can
beusedinsteadof �À¯�°Zµ�� -flow.

Considera meshvertex ¶ , a meshtriangle õ incident
with ¶ , andtwo otherverticesof the triangle, ¶ � and ¶ Ë .
Let ÷ª� ��¶   ¶ �   ¶ Ë ��í Þ denotethetrianglecentroid.Let
usmeasurethedeviation of thetrianglenormal �t��õ�� fromì �À÷x� by~ � ��õ���� È ��õ��F��� » ì � Ë � Í9È ��õ��F� . » ��þ ì � (7)
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anddefinea localenergy associatedwith ¶ by~ � �À¶E��� ùn�s�t u+v,wCp�x~ � ��õ��!�
wherethe sumis taken over all meshtriangles õ incident
with ¶ .

The �µ -flow updatesthepositionof ¶ suchthatthelocal
energy ~ � �À¶E� takesits minimal value.We minimize ~ � �À¶E�
by a gradientdescentmethod.Let �¿ ���¿ ��¶`�NÁO��¶E�!��
O� be
the antigradient » É of the energy ~ � �À¶E� with respectto¶Q������������� . The updatedpositionof ¶ is approximatedby
fiveconsecutive iterations

¶ �#·û¸ ¹p» ¶ ¼�½D¾  
.ë9>H1?* �À¶E� �¿ �À¶ ¼�½D¾ ��ÁO�À¶ ¼�½D¾ �!��
O�

startedfrom the initial positionof ¶ . Here
>H1F* ��¶E� is the

degreeof vertex ¶ .
Computing the antigradientof ~ � ��¶E� with respectto¶Q������������� is trivial if we know the antigradientsof ~ � ��õ��

for the trianglesõ surrounding¶ . Computingtheantigra-
dientof ~ � ��õ�� is simple.Theantigradientof theareaof the
triangle ¶x¶ � ¶ Ë is givenby � × ¶ � ¶ Ë × í Í , where � is theunit
vectordefiningtheheightdirectionfrom ¶ to theopposite
side ¶ � ¶ Ë , asseenin Fig.14. Now let us notethat ~ � ��õ��
is proportionalto thedifferencebetweentheareaof ¶x¶ � ¶ Ë
and the areaof the projectionof ¶x¶ � ¶ Ë onto a planeor-

thogonalto ì ��÷x� . Thustheantigradientof ~ � ��õ�� hasclear
geometricmeaningandcanbeeasilyfound.
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(�)+*-,{.FÎ%,#Ï L 1 59"�& )+* 8N5 >H)+1 "�&� 2 &�L 1 5#8 1 5Õ 2 &�L 1 &�8 ) 59"HG*#;+1 ¶x¶ � ¶ Ë ) $ */)DS/1 " I�K � × ¶ � ¶ Ë × í Í ÓOÐRL 1 8 1 � ) $�&�L 1: " ) & S#1 �!&� /8 ><1!á " ) " * &�L 1 L 1F)+* L�& ><) 8 1 �!& )  #" 2 8� A ¶&� M&�L 1  B<B  /$ ) & 1 $ )u>H1 ¶ � ¶ Ë ,
The �¯ -flow is definedby �Ã -forcegivenby�Ã ��¶`�N
O�³� »6Í9Ç ùn�s�t u+v,wCp�xÈ ��õ���ÉM

��÷x��

�À÷x��í Þ �

wherethe step-sizeparameterÇ is given by (5). It canbe
consideredasa simplifiedantigradientof theenergy~ ����õ��V� ùn�s�t u�v1w�p�x~ ����õ���� where ~ ����õ��V� È ��õ���

��÷x� Ë Ú

Fig.15compares²�°/¯M°?µ   ¯M°?µ and²�°/¯Q°Fµ   �¯Q° �µ
meshoptimizationprocedures. (the computationaltimes
were measuredon a Mobile PentiumIII 500 MHz com-
puter). The latterprocedurerequireslessiterations,works
faster, and producesbetterreconstructionof sharpedges.
Thevisualcomparisonis alsoconfirmedby thecomparison
of graphsof theerrorfunctions� � and � � , asseenin Fig.16.

3.2 AdaptiveMeshSubdivision

If the initial polygonizationis not denseenough,small
surfacefeaturescannotbe well reconstructed.So we use
linear one-to-foursubdivision of thosemeshtriangles õ
wherethe meshnormals ����õ�� have large deviationsfrom
theimplicit surfacenormalsì ��ÉC
Wí ×D× ÉM
 ×D× .

Consider a triangle õ and its imaginary one-to-four
subdivision into four triangles õ

�
with centroids ÷

�
, �ç�¦<� . � Í � Þ , asseenin Fig.17.

It is convenientto measurethe deviation of �t��õ�� from
theimplicit surfacenormalsby aslight modificationof (7)�~ � ��õ��V� È ��õ����ù �C� � � . »�× ����õ��Zþ ì ��÷

�
� × �O�

where È ��õ�� is the areaof triangle õ . If
�~ � ��õ�� is greater

thanauser-specifiedthreshold,triangle õ is subdivided.
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The adaptive subdivision procedureallows us to gener-
atehigh-qualitypolygonalapproximationsof complex im-
plicit surfacesstartingfrom acoarseinitial mesh,asseenin
Fig.18.

4 Conclusionand Future Work

We have presenteda novel approachfor accuratepoly-
gonizationof implicit surfaceswith sharpfeatures.Theap-
proachis basedon meshevolution towardsa givenimplicit
surfacewith simultaneouscontrolof themeshvertex posi-
tionsandmeshnormals.

In this paper, we haven’t consideredthe casewhen a
voxelizeddatasetis given insteadof a field function �¥�

������������� definedfor every �������{����� . Wereferaninterested
readerto our recentwork [19]. Optimizingisosurfaceswith
boundarieswasalsostudiedin [19].

The presentedimplementationof the approachcan be
improvedin many directions.For example,if thesampling
rate of the initial meshis comparablewith the size of a
featureof a given implicit surface,thenthe featurecanbe
lost during the mesh-to-surfaceevolution process.Fig.19
demonstratesa Doraemon1 modelbuilt with HyperFun[2]
andthenpolygonizedby themarchingcubesmethod(top-
left image)andtheresultafterapplyingthemesh-to-surface
evolutionprocessdevelopedin thispaper(top-rightimage).
Notethatthemeshevolutionremovesthecatpupils(seethe
bottomimages).Oneway aroundthis problemconsistsof
developinga bettermeshsubdivision procedure.A com-
binationwith a dynamicmeshconnectivity approach[14]
maybealsouseful.

Thespeedof convergenceof adynamicmeshtowardsan
implicit surface 

�������������³�ª¦ with sharpfeaturesdepends
on differential propertiesof the function ���®

������������� .
The min/maxfunctionsusedcommonly[27] for the basic
Booleanoperations,unionandintersection,have poordif-
ferentialproperties.For example,

A 59ÖW�������<� and
AM) "Z�������<�

arenot differentiablealongthe line ���Ý� . Whereascer-
tain ð -functions[25, 26, 30] alsodefinethe union andin-
tersectionand,in addition,possessmuchbetterdifferential
properties.Fig.6 demonstratesadvantagesof ð -functions
over the min/maxfunctions. ð -functionsareimplemented
in theHyperFungeometricmodelinglanguageandsupport-
ing software[2].

A variationalapproachto optimizing polygonizedim-
plicit surfacesconstitutesanotherpromisingdirection for
futureresearch.Ourfirst stepsin thisdirection[20] arevery
encouraging.
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