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Abstract

The paperpresentsa novel appmad for accurate polygo-
nization of implicit surfaceswith sharpfeatues. The ap-

proadch is basedon meshevolutiontowardsa givenimplicit

surfacewith simultaneougontrol of the meshvertex posi-
tionsand meshnormals.Givenaninitial polygonizatiorof
animplicit surface a meshevolution procesdnitialized by
thepolygonizatioris used.Theevolvingmeshcorvemgesto

a limit meshwhich delivers a high quality approximationof
the implicit surface For analyzinghow closethe evolving
meshappadestheimplicit surfacewe usetwo error met-
rics. Themetricsmeasue deviations of the meshvertices
from the implicit surfaceand deviations of meshnormals
fromthe normalsof theimplicit surface

1 Intr oduction

Implicit surfacesarewidely usedin variousapplications,
including engineering[26], computergraphics[6], and
mathematicg§28]. Givena field functionw = f(z,y, 2),
animplicit surfaceis definedasanisosurace(level set)of
thefield function, f (z,y, z) = const.

For visualizationpurposespolygonizationof animplicit
surfaceis oftenrequired. It includessamplingthe function
atselectedpoints,estimatingthe positionsof the meshver-
tices,andconnectinghemto form polygons. This usually
resultsin spacealiasing(facetingwhichis acommonprob-
lemarisingwhene&/ersomecontinuousbjectis represented

by asetof discretesamplesSuchfacetingis mostpenasie
for shapewith sharpfeaturegedgescornersspikes,etc.).

;

Fig. 1. Left: a triangulated implicit surface con-
structed by the marching cubes method. Right:
after applying a mesh evolution process developed
in this article. Flat shading is used.

In this paperwe developanapproacHor accurateoly-
gonizationof implicit surfaceswith sharpfeatures.Given
an implicit surfaceand its (usually rough) initial triangu-
lation, we define a meshevolution processinitialized by
the triangulationand evolving the meshtowardsthe im-
plicit surface. The processalso fits the meshnormalsto
implict surfacenormalsandthereforethe evolving meshap-
proachesa high quality polygonizationof the implicit sur
face.Fig.1 shownsaninitial triangulationof animplicit sur
facewith sharpedgeg(left) anda triangulatedsurfaceob-



tainedaftercompleteinghe meshevolution procesgright).

Sharpfeaturesedgesandcornersappeamnaturallyif the
implicit surfaceis constructedisingsetoperationgunion,
intersection,difference). The defining function for such
surfacecanbe obtainedby applying min/maxfunctionsor
more general -functions[25, 26, 29, 23] to the defining
functionsof the agumentsof setoperations.If the binary
treeof operationss available,thenthesharpfeaturescanbe
foundby a numericalmethodthatanalyzeghe functionsof
bothargumentdor eachoperation36]. However, if there-
sultingfunctionis evaluatedby a proceduranakingthetree
of operationsot availableto the application this methodis
notapplicable.

An elegantapproacHor fastfeature-sensitie surfaceex-
traction from volume datadescribedby directeddistance
fieldswasrecentlyproposedn [15]. Unfortunatelythemost
implicit surfacemodelersstill work with thetraditionalone
functionrepresentation.

Onepossibleantializing approachconsistsof adaptie-
resolution polygonization, in which the sampling rate
adaptgothechangingeaturesize(curvaturescale)of asur
facebeingpolygonized5, 12] (seealsoreferencesherein).

Anotherremedyto reduceapparenfacetingis smooth-
ing. To date,the mostpowerful approachegor smoothing
polygonalmeshesregeometricsignalprocessing32, 33
andmeshevolution by diffusionflows [28, 10, 9, 8, 3, 21].
However, thesesmoothingtechniquesexplore only local
meshpropertiesand, therefore,are not bestsuitedfor iso-
surface smoothingwhen the original field function

is available.
Our basicideais simple. Given a field function
andaninitial polyginization(a trianglemesh)of
the implicit surface , we smooththe mesh

with simultaneousninimizationof
— thedistancesrom the meshverticesto theisosurfce;

— disparitiesbetweenthe isosurfice normalsand mesh
normals.

In this work, we improve our dynamicmeshapproacH22]
developedfor optimizing polygonizationsof implicit sur
faceswith sharpfeatures.

We act on the verticesof the evolving meshby three
forces. Two forcesoptimize positionsof the verticesac-
cordingto the valuesof the functionandits gradientat the
vertices. The third force improvesmeshregularity. Com-
binationof thesethreeforcesallows usto achieve anaccu-
rateapproximatiorof theimplicit surfaceby a high quality
mesh.

Theleftmostandrightmostimagesof Fig.2 demonstrate
wireframeimagesof the initial andfinal triangle surfaces
exposedin Fig.1, respectiely. The two middle imagesof
Fig.2 showv intermediatestagesof the evolution from the
initial meshto the final mesh. Note that meshverticesand
edgesalign with sharpfeaturesf theimplicit surface.

The ideato usemeshesvhoseverticesact as dynamic
particlesystemwasproposedn [11, 13] for 2D andin [17]
for 3D andsincethenwas extensvely usedfor sggmenta-
tion andtrackingin multidimensionalimagesandvolume
data(seefor example[4, 16, 18] for recentachievementsn
shapemodelingandanalysiswith deformablecontoursand
surfaces). Recentlydynamicmesheswvere appliedto sur
faceextractionfrom distancevolume dataset$§35]. How-
ever, in contrasto previousworks,our methodis developed
to obtainanaccurataneshapproximatiorof animplicit sur
facewith sharpedgesandcorners.t is achievedby asimul-
taneousadjustmentf the meshverticesandmeshnormals.



2 MeshEvolution Toward Implicit Surface

Considera family of meshes
thefollowing equation

= ( )= C ) (1)

where is ameshupdatingoperatoraccordingo displace-
mentvectors definedat the meshvertices.In mary situ-

ations(1) canbeconsideredsanexplicit approximatiorof

anevolution of afamily of smoothsurfaces.

Consideranimplicit surlace = f(z,y,2) = and
its polygonization . We wantto constructameshupdat-
ing operator suchthatthemeshevolutionprocesg1) with

takenastheinitial conditioncorvergesto the surface,
,as .

We implementthe operator  satisfyingthe above re-
guirementasthe superpositiorof threemeshupdatingop-
erators(meshflows) dependingon f andlocal meshprop-
erties:

evolving accordingto

Theselocal operatorsare definedby the following vertex
updateprocedures

-flow : C > C )»hH @
-flow : C > C )»hH @
-flow : C - C ) 4)

where ( ) denoteshesetof neighborsof vertex in

, , arevectorfunctions(forces).

In the subsequensubsectionsve define thesevector
functionssuchthat -flow correctsthe meshnormalsac-
cording to the implicit surface normals, -flow pushes
meshverticestoward the implicit surface f(z,y,2) =
and -flow equalizeghe meshsamplingrate.

Fig.4 demonstratebow thesemeshupdatingoperators
(flows) act on a triangle mesh. The top row demonstrates
fragment=f thetriangulatedblock modelshovn in theleft
imageof Fig. 1. Thebottomrow shovsthe samefragments
aftera numberof repeatedipplicationsof the operators ,

,and

2.1 Moving meshverticestoward the implicit
surface

The simplestway to move meshverticestoward a given
implicit surfacef(z,y,2) = istointroduceanattracting
force definedvia the gradientof f. In ourimplementation
wedefine -forceatameshvertex by

(., .= () f0) =
= ()rC) fC),

where denoteshegradient, ( ) is thesumof areasof
all meshtrianglesincidentwith , and is a small posi-
tive parameter Sincetheimplicit surface f(x,y,2) = is

Fig. op ro : fragments of the triangulated
bloc model sho n in the left image of Fig.1.
ottom ro : the same fragments after a num-
ber of repeated applications of the operators
and

the minimal level setof the functionw = f(z,y, 2) ,
forcedefinedasabose movesthemeshverticestowardsthe
surface.

A similarforce sign(f) f wasusedin [34] in con-
nectionwith adaptve-resolutiorpolygonizationof implicit
surfaces.

Fig.3 demonstratea 2D level set f(z,y) =
asquareandtheassociated -force.

Thevalueof is choserto ensurenumericalstability of
(3). Basedon an analogywith a stability analysisfor the
first-orderlinear partialdifferentialequationgthe Courant-
Friedrichs-Leyy stability criterion [24]) we select such
that

defining

ma (

Frn

where is aconstanindependentf the meshandfunction
f- Inour currentimplementation,théme step-size is de-
fined by

1
= ()
1 ma( f f)
Thegradient f canbecomputedanalyticallyonly for
simple functionsw = f(z,y,2z). So we use standard
central-diferenceformulasto estimatehegradient.

2.2 Meshoptimization accordingto implicit
surfacenormals

A Dbetter approximation of the implicit surface
flz,y,2) = is achieved if we modify positions of



Fig. . Left:
continuous the
f(z,y) . Right: the s uare and a gradient vector eld

the meshverticessuchthat the triangle normalsare close
to correspondingmplicit surfacenormals.Fig.5 illustrates
adwantagesof such meshoptimization. The left image
shavs approximatinga smoothcurve by a polygonalline
whoseverticesare closeto the curve. The right image
demonstratethe samecurve approximatedy a polygonal
line whoseverticesand normalsare closeto curve points
andnormals.

AT TN

Fig. curve appro imated by t o polygonal
lines. Left: tting the verte positions only does
not assure a good appro imation. Right: tting
the verte positions and normals simultaneously
improves the appro imation drastically.

An appropriateerrorfunctionwill beintroducedanddis-
cussedn Subsectior2.4
Considera unit vectorfield

(z,y,2) = flz,9,2)  f(z,9,2)

It is orthogonalto the implicit surface f(z,y,2) = at
the implicit surfacepoints. Fig.6 presentsa 2D example:
a squaredefinedasanimplicit surfacef(z,y) = andits
associatednit vectorfield  (z,y).
Thefiguredemonstratealsothatsmoothnessf the nor-
malizedgradientvectorfield  dependn functionscho-
sen for basic Boolean operations. We use -functions
[25, 26, 3Q] sincethey have betterdifferential properties
thanthecommonlyusedmin ma functions.
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We want to move mesh vertices such that for every

meshtriangle

()= f()

It is achievedby the

where () =

()

the vector on the
areaof

triangles seeFig.7.

()

( ) direction,
, andthesummationsretakenoverall

themeshnormal ( ) become<loserto
f( ) ,where
vertex updateoperator(2) with

is the centroidof

() C)

( ) is the projectionof

( ) denoteshe
-incident

A similar vertex updateoperatorwas usedin [21] for

creaseenhancememurposes.



Fig. . Left: mesh triangles and their associated
vectors. Right: updating verte position by

2.3 Meshrelaxation

To improve meshregularity we usethe tangentialcom-
ponentof the Laplaciansmoothingflow. The Laplacian
flow, in its simplestform, movesrepeatedlyeachmeshver-
tex by a displacemenequalto a positive scalefactortimes
the averageof the neighboringvertices. Considera mesh
vertex anditsneighbors , , . Thelaplacianflow
is determinedy theumbrellavector givenby

SeeFig.8.

Q, P

N

Fig. . he umbrella vector ( ).

U(P)

The vertex updateoperator
pling rateis definedby (4) with

equalizingthe meshsam-

(, ()= «C ) (6)
where isthemeshnormalatvertex and isapositive
constantln our currentimplementatiooweuse = 1.

Fig.9 demonstrateBow thetangentiacomponenof the
umbrellaoperatolimprovesthe meshsamplingquality.

However, the -flow (4) doesnot presere sharpedges,
asit is demonstrateéh Fig. 10.

Thusdealingwith animplicit surfacewith sharpfeatures
we have to switch off the meshquality improving -flow

Fig. . Left: a polygoni ed sphere generated by
the marching cubes method. Right: the mesh is
improved by several iterations of the mesh rela -
ation - o .

Fig. 1 . harp edges of a cube are bro en by the
mesh uality improving - o .

whenthe flow interfereswith the mesh-to-suidicecorver
genceprocess.

Fig.11 demonstratehiow  -flow (2) and -flow (3)
transforma polygonizedsphere(top-left image)toward a
cube(bottom-rightimage)definedasanimplicit surface.If
only -flow is appliedthespherdransformdo apolygonal
surfaceshown in thetop-rightimage. If the meshis moved
by -flow only, the spheretransformsto a polygonalsur
faceshown in the bottom-leftimage. A perfectmetamor
phosisof thesphereo thecubeis achievedif atfirst we use
the compositionof the threeintroducedflows
andthenshift to the flow accordingo ananalysisof
anerrorfunctiondefinedandstudiedin the next subsection
seeFig.12.

2.4 Error analysis

To analyzehow closetheevolving mesh
theimplicit surfacef (z,y,z) = ,as ,weintroduce
errorestimatorfunctions measuringhe deviation of the
meshverticesirom f(z,y,2) = and characterizinghe
deviation of themeshtrianglenormalsfrom thenormalized
gradientvectorfield f 7.

The squareddistancefrom a meshvertex

approaches

to the im-



O iterations 10iterations

Fig. 11. ransformation of a triangulated sphere
(top-left) to ards a cube (bottom-right) de ned
initially as an implicit surface. phere deforma-

tion by - o only leads to a polygonal surface
sho n in the top-right image. phere deforma-
tion by - o only leads to a polygonal surface

sho n in the bottom-left image.

plicit surface f(x,y,z) = canbe estimatedy the first-
orderapproximatior[31] f( ) f( ) .Sowedefine

by

wherethe sumis taken overinc( ), all meshtriangles
incidentwith ,and ( ) denotegheareaof
The deviation of the mesh triangle normals from

50iterations

100iterations 200iterations

f f isestimatedy

where the summationsare taken over all the meshtri-
angles , () is the unit normalof , () =
) f( ) ,where isthecentroidof
Notethat mimicsthe sumof squareddistancedrom
the meshverticesto the implicit surfaceand  givesa
weightedsum(integral) of squaredlifferenceetweerthe
meshandsurfacenormalssince

( ) = @ )

Note that mimics the squared  norm used
widely in thetheoryof partialdifferentialequationg1] and
for erroranalysisof finite elementmethodq7].

As we notedin theprevioussubsectionthemeshmotion
by the tangentialcomponentf the umbrellaoperator( -
flow) destrys sharpedgesseeFig.10. We switch off the
meshregularizationby -flow after hasstabilized.

Fig.13 demonstratethe behaviorsof and  for the
block modelmeshevolution (seeFig. 1 andFig.2) andthe
sphere-to-cub&ransformatior{seeFig.12).

3 Further Impr ovements
3.1 Modified -and -flows

Alternatively, atthefinal stageof our meshoptimization
procedurea combinationof modified -and -flowscan
beusedinsteadof ( )-flow.

Considera meshvertex , a meshtriangle incident
with , andtwo otherverticesof the triangle, and
Let =( ) denotethetrianglecentroid.Let
us measurehe deviation of thetrianglenormal () from

( )by
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Fig. 1 . he graphsof the (left) and  (right)

error functions for the bloc model mesh opti-
mi ation (top graphs see bloc model mesh evo-
lution in Fig. ) and the sphere-to-cube transfor-
mation (bottom graphs see the sphere-to-cube
transformation in Fig.1 ). ( -0 as
used for the rst iterations for the bloc
model mesh optimi ation and 1 iterations for
the sphere-to-cube transformation. hen ( )-
o  as used.

anddefinealocal enegy associatedvith by

()= ()

wherethe sumis taken over all meshtriangles incident
with
The -flow updateghepositionof suchthatthelocal
enegy ( ) takesits minimalvalue.We minimize ( )
by agradientdescenmethod.Let = ( , ( ), f) be
the antigradient  of theenegy ( ) with respectto
(z,y,2). Theupdatedpositionof is approximatedy

five consecutieiterations

_ 1
deg( )

startedfrom the initial positionof
degreeof vertex
Computingthe antigradientof () with respectto
(z,y, 2) is trivial if we know the antigradientof ()
for thetriangles surrounding . Computingthe antigra-

C 5> C )i

. Heredeg( ) is the

dientof ( ) issimple.Theantigradienbf theareaof the
triangle is givenby , Where is theunit
vectordefiningthe heightdirectionfrom  to the opposite
side , asseenin Fig.14. Now let usnotethat ( )

is proportionalto the differencebetweertheareaof
andthe areaof the projectionof onto a planeor-

thogonalto ( ). Thustheantigradienof ( ) hasclear
geometricneaningandcanbeeasilyfound.
m(C) 5
n(T)
PZ
P

Fig. 1 . he antigradient of the area of the trian-
gle is given by here is the
unit vector de ning the height direction from
to the opposite side

The -flow is definedby -forcegivenby
(.h= () fO)C)

wherethe step-sizeparameter is givenby (5). It canbe
consideredsa simplified antigradienbf theenegy

()= () ()fC)

where ()=

Fig.15compares and
meshoptimization procedures. (the computationaltimes
were measurecn a Mobile Pentiumlll 500 MHz com-
puter). The latter procedurerequireslessiterations,works
faster and producesbetterreconstructiorof sharpedges.
Thevisualcomparisons alsoconfirmedby thecomparison
of graphsof theerrorfunctions and ,asseenn Fig.16.

3.2 Adaptive Mesh Subdivision

If theinitial polygonizationis not denseenough,small
surfacefeaturescannotbe well reconstructed.So we use
linear one-to-four subdvision of those meshtriangles
wherethe meshnormals ( ) have large deviationsfrom
theimplicit surfacenormals = f 7.

Considera triangle  and its imaginary one-to-four
subdvision into four triangles  with centroids , =

,1, , ,asseenn Fig.17.

It is corvenientto measurehe deviation of () from

theimplicit surfacenormalsby a slight modificationof (7)

()= ) @ ) ())

where ( ) is theareaof triangle . If
thanauserspecifiedhresholdtriangle

( ) is greater
is subdvided.



The adaptve subdiision procedureallows usto gener
ate high-quality polygonalapproximationof comple im-
plicit surfacesstartingfrom a coarsdnitial mesh,asseenin
Fig.18.

4 Conclusionand Futur e Work

We have presentedh novel approachfor accuratepoly-
gonizationof implicit surfaceswith sharpfeaturesTheap-
proachis basedn meshevolution towardsa givenimplicit
surfacewith simultaneougontrol of the meshvertex posi-
tionsandmeshnormals.

In this paper we haven't consideredthe casewhen a
voxelizeddatasetis giveninsteadof a field functionw =
f(z,y, z) definedfor every (z, y, z). We referaninterested
readetto ourrecentwork [19]. Optimizingisosuriceswith
boundariesvasalsostudiedin [19].

The presentedmplementationof the approachcan be
improvedin mary directions.For example,if the sampling
rate of the initial meshis comparablewith the size of a
featureof a givenimplicit surface,thenthe featurecanbe
lost during the mesh-to-suidceevolution process.Fig.19
demonstratea Doraemont modelbuilt with HyperFun[2]
andthenpolygonizedby the marchingcubesmethod(top-
leftimage)andtheresultafterapplyingthemesh-to-suridice
evolution processlevelopedin this paper(top-rightimage).
Notethatthemeshevolutionremovesthecatpupils(seethe
bottomimages).Oneway aroundthis problemconsistsof
developing a bettermeshsubdvision procedure. A com-
binationwith a dynamicmeshconnectvity approach14]
maybealsouseful.

Thespeedf corvergenceof adynamicmeshtowardsan
implicit surfacef(z,y,z) = with sharpfeaturesdepends
on differential propertiesof the functionw = f(z,y, 2).
The min/maxfunctionsusedcommonly[27] for the basic
Booleanoperationsunion andintersection have poor dif-
ferentialpropertiesFor examplema (z,y) andmin(z, y)
are not differentiablealongtheline z = y. Whereascer
tain -functions[25, 26, 30] alsodefinethe union andin-
tersectiorand,in addition,possessnuchbetterdifferential
properties.Fig.6 demonstrateadvantagef -functions
over the min/maxfunctions. -functionsareimplemented
in theHyperFungeometrianodelinglanguageandsupport-
ing software[2].

A variationalapproachto optimizing polygonizedim-
plicit surfacesconstitutesanotherpromising direction for
futureresearchQurfirst stepdan thisdirection[20] arevery
encouraging.
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Fig.1 . raphsof (left) and (right) for mesh
optimi ation by ( ) 1 ( )
(gray) and ( ) 1 ( ) (blac )

for surface sho nin Fig.1 .

Fig. 1 . Linear one-to-four subdivision of a trian-
gle = ,1, , are centroids.

(@) (b)

(© (d)
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Fig. 1 . op-left: a oraemon model built ith
yperFun  and then polygoni ed by marching
cubes. op-right: the model after applying the

the mesh evolution process developed in this pa-
per. ottom: the pupils and lo eyelids are dif-
fused by the evolution.



Fig. 1. Left: a triangulated implicit surface con-
structed by the marching cubes method. Right:
after applying a mesh evolution process developed
in this article. Flat shading is used.

Fig. . heleftmost and rightmost images demon-

strate ireframe images of the initial and nal

triangle surfaces e posed in Fig.1 respectively.
he t o middle images sho intermediate stages

of the evolution from the initial mesh to the nal

mesh. ote that mesh vertices and edges align
ith sharp features of the implicit surface.

Fig. . Left: s uare (bold line) de ned as the

ero level set of a function w = f(z,y) (the func-
tion is continuous the roof is separated for vi-
suali ation purposes). iddle: the graph of the
function w = f(z,y) . Right: the s uare and a
gradient vector eld f(z,y)

Fig. . op ro : fragments of the triangulated
bloc model sho n in the left image of Fig.1.
ottom ro : the same fragments after a num-
ber of repeated applications of the operators
and

Fig. . curve appro imated by t o polygonal
lines. Left: tting the verte positions only does
not assure a good appro imation. Right: tting
the verte positions and normals simultaneously
improves the appro imation drastically.

Fig. . s uare de ned as an implicit sur-

face f(z,y) = and the vector eld =
f(z,y) f(z,y) . Left: min ma functions
ere used. Right: -functions ere used.
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Fig. . Left: mesh triangles and their associated
vectors. Right: updating verte position by

Fig. . he umbrella vector ( ).

Fig. . Left: a polygoni ed sphere generated by
the marching cubes method. Right: the mesh is
improved by several iterations of the mesh rela -
ation - o .

Fig. 1 . harp edges of a cube are bro en by the
mesh uality improving - o .
Fig. 11. ransformation of a triangulated sphere

(top-left) to ards a cube (bottom-right) de ned
initially as an implicit surface. phere deforma-
tion by - o only leads to a polygonal surface
sho n in the top-right image. phere deforma-
tion by - o only leads to a polygonal surface
sho n in the bottom-left image.

Fig. 1 . phere-to-cube transformation: (
)- o asused for the rst 1 iterations and
( )- 0 asused for the last 1  iterations.
oteho good mesh vertices and edges align ith
the cube edges.

Fig. 1 . hegraphsofthe (left) and (right)
error functions for the bloc model mesh opti-
mi ation (top graphs see bloc model mesh evo-
lution in Fig. ) and the sphere-to-cube transfor-
mation (bottom graphs see the sphere-to-cube
transformation in Fig.1 ). ( )- 0 as
used for the rst iterations for the bloc
model mesh optimi ation and 1 iterations for
the sphere-to-cube transformation. hen ( )-
o  as used.

Fig. 1 . he antigradient of the area of the trian-
gle is given by here is the
unit vector de ning the height direction from
to the opposite side



Fig. 1 . (a) nitial polygoni ation consisting of

triangles. (b) iterations of (
)- o ere applied to (a) (  sec.). (¢) 1
iterations ( )- o ere applied to (b) (
sec.). (d)  iteration ( )- 0o ere applied

to (b) ( sec.). (e) agni ed part of (c). (f)
agni ed part of (e).

Fig.1 . raphsof (left) and (right) for mesh
optimi ation by ( ) 1 ( )

(gray) and ( ) 1 ( ) (blac )
for surface sho n in Fig.1 .

Fig. 1 . Linear one-to-four subdivision of a trian-
gle = ,1, , are centroids.

Fig. 1 . (a) nitial mesh ( triangles). (b)

esh optimi ed by ( ) 1 ( ).
(¢)  adaptive subdivision 1  ( )
1 ( ) as applied to (b) (1 trian-

gles). (d) ireframe of (c).

Fig. 1 . op-left: a oraemon model built ith

yperFun  and then polygoni ed by marching
cubes. op-right: the model after applying the
the mesh evolution process developed in this pa-
per. ottom: the pupils and lo eyelids are dif-
fused by the evolution.
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