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We present an efﬁcient real-time algorithm for computing the precise convex hulls of planar freeform
curves. For this purpose, the planar curves are initially approximated with G1-biarcs within a given
error bound e in a preprocessing step. The algorithm is based on an efﬁcient construction of
approximate convex hulls using circular arcs. The majority of redundant curve segments can be
eliminated using simple geometric tests on circular arcs. In several experimental results, we
demonstrate the effectiveness of the proposed approach, which shows the performance improvement
in the range of 200–300 times speed up compared with the previous results (Elber et al., 2001) [8].
& 2011 Elsevier Ltd. All rights reserved.
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1. Introduction
Geometric algorithms for convex objects are more efﬁcient
than those for non-convex ones [5,9,19]. Thus convex hulls can be
used to get a good initial solution for the general problem with
non-convex objects. For example, in computing the minimum
distance between two objects under continuous motion, their
convex hulls can play an important role in making the algorithm
efﬁcient.
The minimum distance between two objects is often realized
between their convex hulls. As long as the min-distance points
between the convex hulls stay on the boundary curves of the two
objects (but not on the lids of concavities), the distance is
guaranteed to be the minimum between the two original objects
(Fig. 1(a)). Even if one min-distance point falls onto the lid of a
pocket, the location provides a good initial solution for the
problem.
In Fig. 1(b), the upper object has its min-distance point inside
the concavity bounded by a lid, i.e., a supporting bitangent line.
Note that the min-distance between the convex hulls is realized
on the lid and its end points pl and pr provide good initial
solutions for starting the min-distance search inside the concavity. The footpoint p0 on the lid is closer to the left end point pl;
thus we may start the search from pl to the right. At the same
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time, on the boundary of the lower object, we start the search
from the min-distance point q0 of the convex hull and proceed to
the left. The ﬁrst pair of boundary points that share the same
normal line produces the min-distance points p1 and q1 in this
example. This is not always the case. Nevertheless, their distance
provides a tight upper bound for the minimum distance, which
can greatly accelerate the search for other candidates.
An efﬁcient and robust computation of the convex hulls for
freeform curves and surfaces is still a challenging task in geometric modeling. There are a few implemented convex hull
algorithms for freeform curves and surfaces [8,21]. They are
based on solving a system of multivariate equations [7,14]. Thus
it was difﬁcult to achieve a real-time performance using these
approaches. In this paper, we present a considerably more
efﬁcient and robust algorithm, which is based on the construction
of an approximate convex hull boundary with circular arcs and
line segments. For this purpose, we assume that the given planar
freeform curves are initially approximated with tightly ﬁtting
G1-biarcs within a given error bound e in a preprocessing stage,
which greatly simpliﬁes the elimination of many redundant curve
segments from the convex hull computation.
There is a certain price one has to pay for the extra space for
storing the biarcs. But almost all real-time algorithms employ
certain pre-built data structures, such as BVH, which can be quite
large in general [2]. As long as we have a variety of useful
geometric algorithms employing the G1-biarc approximation,
the cost can be amortized among them and the usage of extra
space can be justiﬁed. Though it is only a recent development,
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Fig. 1. Minimum distance computation: (a) the minimum distance between the
convex hulls is identical to the distance between the two objects and (b) the mindistance points between the convex hulls provide a good initial solution for
searching the min-distance points.

Aichholzer et al. [1] greatly simpliﬁed the medial axis transformation of planar freeform curves using the G1-biarc approximation.
Kim et al. [16] employed the G1-biarcs for a real-time Hausdorff
distance computation for planar freeform curves. There is potentially a huge number of important geometric applications that can
beneﬁt from adapting this approach.
The main contribution of this work can be summarized as
follows:

 A simple technique is introduced that can eliminate the




majority of redundant planar curves from the convex hull
computation using simple geometric tests for circular arcs.
Measuring the distance from an approximate convex hull
boundary (consisting of circular arcs and line segments), we
can trim off all curve segments which are more than distance e
away from the boundary. The distance test can be replaced by
a simpler and sufﬁcient condition test of checking whether the
biarcs are more than distance 2e away from the boundary.
The implemented algorithm can compute the convex hull of
planar freeform curves more than 200–300 times faster than
the conventional algorithms [8].

More practical solutions were reported with full implementation in recent results [8,15,21]. Elber et al. [8] presented a robust
implementation for the convex hull of planar curves. Seong et al.
[21] extended the result to the convex hull computation for
freeform space curves and freeform surfaces. Their approach is
based on the characterization that a curve/surface point is on the
convex hull boundary if the tangent line/plane at the point
intersects the curve/surface at no other points except the tangent
point itself. This geometric constraint has been formulated as a
system of polynomial equations. Nevertheless, it is quite difﬁcult
to implement the algorithm for real-time performance since this
approach entails a large number of subdivisions of the multivariate B-spline representations.
In a recent work, Aichholzer et al. [1] proposed an efﬁcient and
robust algorithm for computing the medial axis for planar freeform shapes using G1-biarc approximation of the planar curves.
Motivated by this approach, and employing the hardware-based
method of Hoff et al. [12] for a fast computation of the distance
map for the G1-biarcs using the graphics depth-buffer, Kim et al.
[16] proposed a real-time computation technique for the Hausdorff distance between two planar freeform curves. In the current
paper, without using any graphics hardware capability, we
introduce a new real-time algorithm for the convex hull computation for planar freeform curves using precomputed G1-biarc
approximations to the planar curves.

3. Convex hull for planar freeform curves
In this section, we present an efﬁcient algorithm for computing the convex hull of planar freeform curves with G1-biarc
approximation.
3.1. Preprocessing for G1-biarc approximation
The planar freeform curves are ﬁrst segmented into x and
y-monotone pieces and further subdivided at each inﬂection
point. Each convex monotone curve segment is then approximated by G1-biarcs quite tightly within a given error bound e 40
by recursively subdividing the curve segment. Each biarc interpolates the curve end points and the tangent directions at the end
points, using two G1 circular arcs [22]. Fig. 2 shows an example of

The rest of this paper is organized as follows. In Section 2, we
brieﬂy review the previous work on the convex hull computation.
Section 3 presents the basic idea of our approach by developing a
precise convex hull algorithm for planar freeform curves. Section
4 shows how the performance improvement has been made over
the previous algorithms by using experimental results. Finally, in
Section 5, we conclude this paper with discussions on future
work.

2. Related work
We brieﬂy review related work on the convex hull computation. Early algorithms considered only discrete objects such as
points, lines, polygons, or polyhedra [3,5,10,11,17–19]. Some
theoretical algorithms were developed for planar curved regions
[4,6,20]; however, they assumed certain curve operations which
are difﬁcult to implement in an efﬁcient and robust way. In
particular, the algorithms are based on rather expensive curve
operations such as common tangent computation for pairs of
curve segments. However, many of the common tangent lines
may not appear in the ﬁnal output of the convex hull boundary
and thus their computation is wasted.

Fig. 2. Biarc approximation for a cubic Bézier curve: (a) one biarc and (b) two
biarcs.
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biarc approximation for a cubic Bézier curve, where we start with
one biarc in Fig. 2(a) and improve to a much tighter approximation of Fig. 2(b) in just one step reﬁnement.
There are many different algorithms for computing the biarc
approximation. In this paper, we use the algorithm of Šı́r et al.
[22]. Given a planar curve segment C(t), for 0 rt r 1, with two
end points p0 and p1 and two unit tangent directions u0 and u1 to
be interpolated by a biarc (i.e., a pair of G1 arcs meeting at a joint),
the locus of all possible locations of the joint j forms a circle O
passing through the two end points p0 and p1 and having its
center at the intersection of two bisector lines: one between p0
and p1, and the other between p0 þu0 and p1 þu1 [22]. The circle
O intersects the given curve C(t) at least at one point j, which can
be taken as a joint for the biarc construction as shown in Fig. 3.
The construction algorithm of Šı́r et al. [22] has an important
advantage of having the biarc joint j located on an interior point
of the curve. This property greatly simpliﬁes the parameter
matching between the given curve and its component arcs in
the biarc approximation, since each arc has its two end points
located on the given curve. By measuring the maximum deviation
of the curve from the arc center, we can easily compute the
Hausdorff distance between the arc and the curve segment.

3

convex hull boundary. We can then throw away all points inside
the quadrilateral formed by the four points.
A slight difference is that we employ 8 test directions instead
of 4. Elber et al. [8] also used a similar interior culling technique
but with 16 normal directions as shown in Fig. 4, since the
performance of Elber et al. [8] is better when using 16 directions
instead of 8. To check the redundancy of a curve segment, the
control points are tested for the containment in the convex
polygon determined by 16 extreme points along the uniform
normal directions.
In our case, since we have tightly ﬁtting circular arcs, the culling
test can be carried out signiﬁcantly more efﬁciently. Instead of
testing the containment in the convex polygon with eight edges
(Fig. 5(a)), we need to check each circular arc against only two
edges. For example, given a convex monotone circular arc:
CðyÞ ¼ ðx0 ,y0 Þ þrðcosy,sinyÞ,

for 0 r y r

p
2

,

3.2. Efﬁcient elimination of redundancies
To speed up the construction of an approximate convex hull
using the biarcs, we apply a simple throw-away technique, which
is similar to the Akl-Toussaint approach [3]. Given a set of n
points in the plane, Akl and Toussaint [3] ﬁnd four extreme points
along the x and y-directions which are guaranteed to be on the

Fig. 3. Biarc construction: (a) the locus of all possible joints j forms a circle O that
intersects the given curve at a point j, and (b) a pair of G1 arcs interpolating the
end conditions and meeting at the joint j.

Fig. 5. Interior arc culling: (a) an arc is redundant if it is contained inside a convex
polygon formed by 8 extreme points and (b) a test against only two edges is
sufﬁcient for the interior culling.

Fig. 4. Interior culling and clipping of the Bézier curves using the convex hull of 16 extreme points.
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which faces the north eastern directions, we test this arc against two
lines of the convex polygon that face the same directions (Fig. 5(b)).
The two lines meet at an extreme point (xNE,yNE) and their normal
angles are a, b A ½0, p2. This arc is redundant if the distance from the
center (x0,y0) to each line is larger than the radius r:
ðxNE x0 Þ  cosa þðyNE y0 Þ  sina 4r,
ðxNE x0 Þ  cosb þ ðyNE y0 Þ  sinb 4r:
In the above test, we could have compared the distance to the
lines with a slightly larger value r þ 2e. If this stronger condition is
met for two adjacent circular arcs in a G1-biarc, the corresponding
curve segment should be completely contained in the interior of
the precise convex hull and consequently it is redundant from the
perspective of convex hull computation. Thus in the proceeding
discussions, we assume these interior curve segments have been
eliminated at this stage of interior culling. The end points of the
original input curves are considered as circular arcs of radius zero
with normal angular range p. The redundancy of these end points
can be tested by checking the containment in the interior of the
convex polygon with eight edges.
3.3. Approximate convex hull boundary
Using the reduced set of circular arcs, we compute an approximate convex hull boundary that consists of circular arcs and line
segments.
For each remaining circular arc Ci, i¼1, y, n, with center (xi,yi),
radius ri, and normal angles y, for y i r y r y i , we take a function of
the angle y:
(
ri þxi cosy þ yi siny, if y i r y r y i ,
di ðyÞ ¼
0,
otherwise,
which measures the signed distance from the origin (0,0) to the
tangent lines of Ci along the normal direction ðcosy,sinyÞ. Now we
consider the upper envelope of these functions:
UðyÞ ¼ max di ðyÞ,
i

which corresponds to the circular Ci ðyÞ that appear on the
approximate convex hull boundary with the normal angle y.

(Appendix A has more details on the relationship between this
upper envelope function and the convex hull computation.) Note
that the distance di itself is coordinate dependent; nevertheless,
the relative distance between di ðyÞ and dj ðyÞ is coordinate independent. The translation and rotation of one coordinate system to
another will add the same constant to both di and dj and add/
subtract the same rotation angle a to/from y. Thus the relative
arrangement of di ðyÞ’s should be invariant.
Fig. 6 shows how the convex hull computation can be
carried out for the most complicated example of Fig. 4(d). In
Fig. 6(a), a convex polygon connecting 8 extreme points are
shown together with the G1-biarc approximation for the input
planar curves of Fig. 4(d). The result of interior culling (based on
two polygon edges facing the same range of normal directions)
is shown in Fig. 6(b). Note that this result is better than the
containment test inside the convex polygon. There are some
isolated arcs outside the convex polygon and their adjacent arcs
are eliminated even though not completely inside the convex
polygon. This is because our test has eliminated some arcs
because their angle ranges do not match with the normal
directions of the nearby edges of the convex polygon. For
example, when a circular arc, with normal angles p=2 r y r p, is
located outside the polygon edges facing the north eastern
directions, there is no chance for this arc to contain any point
extremal to one of its normal directions p=2 r y r p. Thus we can
eliminate this arc.
For the case of this complicated example, the performance can
be improved by considering additional 8 normal directions. Thus
each of the remaining arcs is tested against two additional edge
directions, the result of which is shown in Fig. 6(c). The upper
envelope of Fig. 6(d) consists of different parts from the distance
functions di ðyÞ. Note that each intersection point between
two adjacent functions di and dj on the upper envelope corresponds to a common tangent line Ci ðyÞCj ðyÞ between two corresponding circular arcs. There are also some redundant
intersection points below the upper envelope. The redundancy
of an intersection point at the parameter y can easily be tested by
checking if there is another function value di ðyÞ above it. Thus a
robust construction of the upper envelope can be done in a
straightforward manner.

Fig. 6. The convex hull computation for planar freeform curves: (a) the convex polygon with 8 extreme points, (b) interior culling, (c) further culling with 16 normal
directions, (d) the upper envelope, (e) the remaining curve segments for the convex hull computation, and (f) the precise convex hull.
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3.4. Convex hull of planar freeform curves
The remaining curve segments from the original curves are
shown in Fig. 6(e). We concatenate connected consecutive
segments into longer convex curves so that a pair of such curves
can admit at most one common tangent line. Now the arrangement of the distance functions for these convex freeform curves
should be almost the same as the one shown in Fig. 6(d). Thus a
robust construction of the precise convex hull boundary should
be quite straightforward.

5

Common tangent lines are numerically computed using osculating circles to the convex curves as shown in Fig. 7. The initial
solution is taken from the circular arcs sharing a common tangent
line on the approximate convex hull boundary (Figs. 7(a)–(b)). We
adapt the circle-based point-projection technique of Hu and
Wallner [13] to our current problem. In Fig. 7(b), using the
common tangent points on the circular arcs, we guess the
common tangent locations on the curve segments. Then the
osculating circles are computed at the locations (Fig. 7(c)), and a
common tangent line is computed for the two osculating circles
(Fig. 7(d)). The common tangent points are projected back to the
curve segments (Fig. 7(e)), and the same procedure is repeated
until there are no considerable changes in the tangent locations
(Figs. 7(e)–(g)). The precise convex hull thus computed is shown
in Fig. 6(f).

4. Experimental results
We have implemented our convex hull algorithm in Cþþ on an
Intel Core i7-2600 3.4 GHz PC with an 8 GB main memory and an
NVIDIA GeForce GTX 570 GPU. To demonstrate the effectiveness
of our approach, we have tested the algorithm for the four
freeform curves shown in Fig. 4, which were also used in Elber
et al. [8].
Table 1 shows the relative performance of our algorithm over
the algorithm of Elber et al. [8] as implemented in the IRIT solid
modeling system [14]. The panels correspond to the four examples of Fig. 4. In each subtable, the ﬁrst column shows the error
bound for the biarc approximation. The second column under
‘‘Arcs’’ reports the total number of circular arcs in the biarc
approximation of the planar freeform curves within the given
error bound. The original number of Bézier curve segments is
shown (in boldface) in the last row corresponding to the implementation of Elber et al. [8] in the IRIT system [14].
The column under ‘‘Cull’’ reports the percentage of the total
arclength of planar curve segments that have been culled/clipped
away using the convex polygon generated by 8 or 16 extreme
Table 1
Experimental results for the four examples shown in Fig. 4; the number of Bézier
curves in each example is given (in boldface) in the last row of the subtable.
Arcs

Fig. 7. Common tangent computation using osculating circles.

Cull (%)

#Arc

CH

Agen

Prep

(a)
0.0100
0.0050
0.0010
0.0005
IRIT

122
166
308
410
24

89
92
93
94
96

27
34
62
81

0.06
0.08
0.13
0.14
23.5

0.06
0.08
0.14
0.19

1.4
1.9
3.0
3.6

(b)
0.0100
0.0050
0.0010
0.0005
IRIT

82
98
182
232
18

86
87
92
93
93

29
33
58
69

0.03
0.05
0.08
0.09
31.7

0.03
0.05
0.08
0.11

0.9
1.2
1.9
2.2

(c)
0.0100
0.0050
0.0010
0.0005
IRIT

142
166
314
424
33

94
95
97
97
98

22
22
39
48

0.06
0.08
0.11
0.14
17.8

0.06
0.09
0.15
0.19

1.7
2.2
3.4
4.4

(d)
0.0100
0.0050
0.0010
0.0005
IRIT

420
532
948
1284
90

96
97
98
98
98

37
41
68
81

0.20
0.22
0.34
0.44
87.3

0.19
0.25
0.44
0.59

4.9
6.4
8.4
10.8
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points. The optimal 100% corresponds to the total length of
redundant curve segments inside the convex hull. Thus for a
closed convex curve, this quantity is simply undeﬁned.
The best performance of Elber et al. [8] is obtained when using
16 normal directions. On the other hand, our performance is
optimal when using 8 directions, for three examples of Fig. 4(a)–
(c), and when using 16 directions, for the most complicated
example of Fig. 4(d). Thus we have employed 16 directions for
Elber et al. [8]. In the case of our current algorithm, we start with
8 directions and check if the remaining circular arcs have the total
sum of their normal angle ranges larger than 4p. If it is, we
consider 8 additional directions. Thus, for the example of Fig. 4(d),
a total of 16 directions have been employed.
The column under ‘‘# Arc’’ reports the number of circular arcs
remaining after the interior culling stage. The time (measured in
ms) taken in the convex hull computation is shown in the column
under ‘‘CH’’. The storage for all the circular arcs is relatively large
compared with the total storage for the curve control points. A
simple technique for reducing the data size for arcs is to store
only the curve parameters corresponding to the arc end points.
The column under ‘‘Agen’’ reports the time (in ms) taken in
generating all the circular arcs from the curve parameters. It takes
about the same time as the convex hull computation itself.
In this paper, we assume that the biarc approximation is given
as a part of the geometric input data. Nevertheless, for a fair
comparison, the last column under ‘‘Prep’’ reports the preprocessing time (in ms) for the biarc approximation. Taking this part into
account, the convex hull construction is slowed down about 10
times. For an efﬁcient generation of biarcs, we have developed a
numerical technique that starts the search for a biarc joint from
the curve mid-point Cð12Þ and employs osculating circles to the

planar curve so as to replace an expensive curve–circle intersection by a sequence of simple circle–circle intersections.
In Table 1, the best performance is realized at the lowest
precision of 0.01, which is about 1% of the size of an axis-aligned
bounding square for the planar freeform curves. Even at lower
precisions, the overall performance still improves. Nevertheless,
there occur more complications in the determination of the
correct topology as the accuracy gets lower.
To demonstrate the real-time performance of our algorithm,
we have computed the convex hull for two character strings
‘‘SMI’’ and ‘‘2011’’ under continuous animation while changing
their relative position and orientation. Fig. 8 shows some snapshots from the animation, each snapshot with the convex hull
bounding all the characters from the two strings. In this application where each component character undergoes a rigid-body
motion, the precomputed biarc approximation can be used for the
whole animation sequence.

5. Conclusions
In this paper, we have presented an efﬁcient algorithm for
computing the convex hull of planar freeform curves. Using the
G1-biarc approximation, we have shown that the precise convex
hull boundary can be constructed in a very efﬁcient and robust
manner. In future work, we plan to extend the current result to a
real-time convex hull algorithm for freeform surfaces and space
curves. The main technical challenge in the extension is that arcs
in space behave much like truncated tori. Moreover, it is extremely difﬁcult to approximate freeform surfaces using truncated
tori connected even with C0 continuity.

Fig. 8. Real-time convex hull computation for two character strings in animation.
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Appendix A. Convex hull computation using support distance
functions
Each point p on the boundary of a convex set C is characterized
by an outward normal direction n to which the point p is
extremal:
/p,nSZ /q,nS

or equivalently /pq,nS Z0

for all q A C. For a convex curve C(t), 0 r t r1, each curve point
C(t) is extremal to its outward normal direction n(t):
/CðtÞCðsÞ,nðtÞS Z0
for all 0 r s r1. Using this characterization, we can design an
algorithm for computing the convex hull of planar freeform
curves using the upper envelope of support distance functions
deﬁned by these curves.
Given a set of planar regular curves Ci ðtÞ, 0 r t r1, i¼ 1, y, n,
we consider the unit normal vectors ni ðtÞ, 0 r t r 1, i¼1, y, n,
that point toward the convex side of Ci(t). (Note that a regular
curve point Ci(t) can be extremal to no other direction than ni(t).)
We deﬁne a scalar function
di ðtÞ ¼ /Ci ðtÞ,ni ðtÞS
for 0 r t r1 and i¼1, y, n. This function is called the support
distance of the tangent line of Ci(t) with a unit normal ni(t).
The unit normal vector is well-deﬁned
ni ðtÞ ¼ ðcosyðtÞ,sinyðtÞÞ A S1 :
We consider an upper envelope of the functions di parameterized
by the angle y:
UðyÞ ¼ max di ðtðyÞÞ ¼ max/Ci ðtðyÞÞ,ni ðtðyÞÞS:
i

i

The construction of a precise upper envelope is expensive
since one has to compute the inverse function tðyÞ. Thus we
consider circles and circular arcs which can be directly parameterized by the angle y. Let Oi, i ¼1, y, n, denote n circles with
center (xi,yi) and radius ri:
ðxi þ ri cosy,yi þ ri sinyÞ

for 0 r y r 2p:

Then we have

For each normal direction n ¼ ðcosy,sinyÞ, the curve index i and
the curve parameter t ¼ tðyÞ that realize the upper envelope value
UðyÞ ¼ di ðtðyÞÞ determine the curve point Ci(t) that appear on the
convex hull boundary and extremal in the normal direction n.
There may be multiple curve indices that share the same upper
envelope value in the same normal direction n, i.e.,
UðyÞ ¼ di ðtðyÞÞ ¼ dj ðtðyÞÞ

Fig. 9. The convex hull computation for a set of three circles and two circular arcs
in the plane: (a) the upper envelope of ﬁve support distance functions di ðyÞ and
(b) the convex hull corresponding to the upper envelope.

for some i aj:

Then the common tangent line segment Ci ðtðyÞÞCj ðtðyÞÞ is on the
convex hull boundary and extremal in the normal direction n.
Fig. 9 shows a simple example where the convex hull is
computed for a set of three circles and two circular arcs in the
plane. The upper envelope consists of ﬁve different parts from the
support distance functions, where the ﬁrst function is connected
to the last one through an identical angle y ¼ 0 ¼ 2p. The color for
each function di ðtðyÞÞ corresponds to the identity of each circle
Ci(t). Note that the intersection between two adjacent functions di
and dj on the upper envelope corresponds to a common tangent
line Ci ðtðyÞÞCj ðtðyÞÞ between two circles or circular arcs with the
corresponding colors.
We can eliminate a curve segment Cj(t), t1 r t r t2 , as redundant from the convex hull computation when the support
distance of the curve has no chance of reaching the upper
envelope:
dj ðtðyÞÞ oUðyÞ
for y1 r y r y2 , where tðy1 Þ ¼ t1 and tðy2 Þ ¼ t2 .

di ðyÞ ¼ ri þ xi cosy þ yi siny
and
UðyÞ ¼ max di ðyÞ
i

for 0 r y r 2p:

For circular arcs Ci, i¼1, y, n, with center (xi,yi), radius ri,
normal angles y, for y0 r y r y1 with two end points Ci ðy0 Þ ¼
ðx0i ,y0i Þ and Ci ðy1 Þ ¼ ðx1i ,y1i Þ, we take
(
if y0 r y r y1 ,
ri þ xi cosy þ yi siny
di ðyÞ ¼
maxk ¼ 0,1 ðxki cosy þyki sinyÞ otherwise:
This means that the two end points are considered as circular arcs
of radius 0. Now the upper envelope UðyÞ is taken as the
maximum of di ðyÞ for all circles and circular arcs.
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