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Abstract

Surface creases provide us with important information
about the shapes of objects and can be intuitively defined as
curves on a surface along which the surface bends sharply.
Our mathematical description of such surface creases is
based on study of extrema of the principal curvatures along
their curvature lines.

On a smooth generic surface we define ridges to be the
local positive maxima of the maximal principal curvature
along its associated curvature line and ravines to be the
local negative minima of the minimal principal curvature
along its associated curvature line. The ridges and ravines
are important for shape analysis and possess remarkable
mathematical properties. For example, they correspond to
the end points of shape skeletons.

In this paper we derive formulas to detect the ridges and
ravineson a surface giveninimplicit form. We also propose
an algorithm of obtaining piecewise linear approximation
of ridges and ravines as intersection curves of two implicit
surfaces.

I ntroduction

Surface creases provide us with important information
about the shapes of objects and can be intuitively defined as
curves on a surface along which the surface bends sharply.
Our mathematical description of surface creases is based
on study of extrema of the principal curvatures aong their
curvature lines. Besides the mathematical beauty of such
surface features [16], they have been studied in connection
with applications in image and data analysis [21, 7], face
recognition [8], quality control of free-form surfaces [9],
analysis of medical images [4, 5, 14, 19] and satellite data
[13]. See dso references therein. Shape description with
curvature extrema has been a subject of researchin [12, 10].

Let us briefly recall here basic notions of differential ge-
ometry required for our study. Consider a plane passing
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through a point p in a given oriented surface M and nor-
mal to the surface. We call the intersection curve by the
normal section curve. The curvature of the normal section
curve depends on its tangent vector at p. The maximal and
minimal curvatures k.. and k,,;, are caled the principal
curvatures of M at p. The associated tangent directions
tmax and t,;, are caled the principal directions of M at
p- Theintegral curves of the principal direction fields are
called the curvature lines. A point at which one of the prin-
cipal curvatures vanishes is caled parabolic. A point at
which the principal curvatures are equal to each other is
called umbilic. The principal centers of curvature are the
points situated on the surface normal passing through p at
distances kL, and k1 from p. Theloci of the principal
centers form the caustic. The caustic consists of two sheets
corresponding to the maximal and minimal principal curva-
tures.

Definition 1 A non-umbilic point p € M iscalled a ridge
point if k. attains a local positive maximum at p along
the associated curvature line. A non-umbilic point q € M
iscalled aravine point if &,,;, attainsalocal negative min-
imum at q along the associated curvature line.

Remark 1 Although in this definition we deal with non-
umbilic points the umbilics can be treated by continuity.

Remark 2 The definitions of the ridges and ravines are
dual: if we change the surface orientation then the ridges
turn into the ravines and vice versa. Without loss of gener-
ality we can consider only the ridges.

Remark 3 Inthe mathematical part of our research we deal
with generic phenomena. Roughly speaking, a particular
property of an object from a particular class of objects is
generic if in the space of all the objects of that class the
objects exhibiting the property form an open dense set.

It turns out [1, 2] that the ridges and ravines are closely
connected with shape skeletons and caustic singularities.



e Thecuspidal edges of the caustic sheet associated with
the maximal principal curvature and pointing towards
to the surface correspond to the ridges.

¢ Theboundary points of the singularities of the distance
function from a generic smooth oriented surface cor-
respond to ridge and ravine points. In particular the
boundary points of the 3D Blum skeleton of a generic
closed smooth surface oriented by its inward normal
correspond to ridge points. Close results were obtained
in[22, 17].

e The ridges do not pass through the generic umbilics.
Therefore the ridges does not contain branch points.
Closeresults can be found in [16, 11].

These remarkable properties are schematicaly illus-
trated by Fig. 1.

skeleton

Figure 1.

In this paper we derive formulas to detect the ridges and
ravineson asurface giveninimplicit form. We also propose
an agorithm of obtaining piecewise linear approximation
of ridges and ravines as intersection curves of two implicit
surfaces.

The proposed approach can be also extended to treat a
surface given in parametric form. However for parametric
surfaces it seems better to extract the principal curvature
extrema along the associated curvature lines while tracing
the lines by differential equation solving (see [9, 10] for
practical methods to trace the curvature lines).

Local analysisof ridge and ravine points

Let M be a given smooth generic surface. Denote by
kmax and ki, the largest and the smallest principal curva
tures respectively. For agiven non-umbilic point p € M let
us choose coordinates in the space so that p is at the origin,
the (x, y)-plane is the tangent plane to the surface at p, and
the principal directions coincide with = and y axes. Then
the surface is expressible in the Monge form as the graph of

ageneric smooth function z = f(x,y), where
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With A = kmax(0,0), it = Emin(0,0), A > u.
The Taylor series expansion of k.. a p hastheform

Emax(7,y) = A + azx + by + O(x, y)%.

Since the vectors (1,0) and (0, 1) represent t,ax and toin
at p respectively, then
aklnax
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L et the surface orientation be chosen so that the maximal
principal curvatureis strictly positive at p

kmax(0,0) > 0.

The curvature line associated with &, islocally described
by the problem

dy bxr+cy 9
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and in a neighborhood of the origin the curvature line is
approximated by the parabola
)= bx?
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It allows to compute the Taylor series expansion of k., at
the origin along the associated curvature line[1, 2]
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Analyzing asymptotic expansion (2) we obtain that p isa
generic ridge point iff
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Let us now consider a plane containing = axis: {y =
az}, where a is a parameter. The intersection curve be-
tween the surface and the plane is locally described by the
equation y = aAz?/2 + .. .. The Taylor expansion of k.
at the origin along the intersection curve has the form
2 xz
+ b/\a> 5 +0(2*) (4
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If the plane is the normal section then o = 0. Thus the
points where k. takes a local positive maximum aong
the associated normal sections are characterized by the con-
ditions

2
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a=0 and <0. 5)
Denote by sy.x and sy, arclength parameters of the
normal sections associated with t,,,.x and t.in respectively.
Denote also by [,,,.x and [,,,;,, arclength parameters of the
curvature lines associated With t,,,, and t,;, respectively.
Taking into account (1), (2), and (4) with a = 0 we get

P g 1 dhimas | *
= — . (6
dl?nmx dsmmx (kmax - klnin) dSlnin

Formula (6) reduces calculation of the second derivative
of the maximal principal curvature along its curvature line
to the second derivative of the curvature along the corre-
sponding normal section curve. For an implicit surface
F(x', 22 23) = 0 aformulafor the latter will be obtained
in the next section (formula (12)).

d2 km'mx

Surfacein implicit form

Let now M begiveninimplicit form
F(xlvxzvxg) =0 (7)

We use upper indices for vector components, subindices for
partial derivatives with respect to =%, ; = 1,2, 3, and Ein-
stein summation convention: identical indices that appear
one up and one down are summed over. For example,

Fijltitjtl + 3kFijti’l’Lj

means
3 3 3 3
9’F . .
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The components of the surface unit normal vector are
given by n' = —F;/g, where g = |VF| is the absolute
value of the gradient.

Let &, t, and s stand for aprincipal curvature, the associ-
ated principal vector, and the arclength parameter along the
associated normal section respectively.

According to the Frenet formulas we have a p

dt dn
% = kl’l7 % = —k}t

Differentiating F;t* = 0 with respect to s gives

i(Fiti)

ds = Fijtitj + kai = Fi]‘titj —kg.

Thusthe principal curvatures k is given by

F;titd
k=Y (8)
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Differentiating (8) with respect to s yields
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In particular
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Similar calculations lead to
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In particular
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and, therefore,
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Formulas (8), (9), (10), and (13) can be found in [14, 16].

Formulas (6), (11), and (12) are new.



Theorem 1 The generic ridge points are characterized by
the conditions

dkmax _

dslnax
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’ di2
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wherethefirst derivative of the maximal principal curvature

along its associated curvature line is given by (10) and the
second derivative is found from (6), (12) and (13).

In our practical computations of the principal curva
tures and directions we follow [6]. Let us consider the
matrix —Vn where the unit normal vector n is given by
n = —VF/|VF|. Caculations show that

1

-Vn= ——
" T IVE

(I-n-n”)Hes(F),

where I is the identity matrix, Hes(F") is the Hessian of
F, [Hes(F)]U = Fij, and [Il . IIT] ij = FiFj. The matrix
—Vn hasthe eigenvalues k., ax, kmin, and 0 associated with
the eigenvectors t,ax, tmin, and n respectively. Thus the
characteristic polynomial det [Vn + AI] of —Vn has the
form A(\2 —2H )\ + K). It allowsto represent the Gaussian
and mean curvatures K and H inthefollowing elegant form
(see, for example, [20])
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where A is the Laplacian. The principa curvatures are
given by

klnax :H+ \% H2 _[(7

In order to find the principal direction t,,., l€t us consider
the vectors obtained as the pairwise vector products of the
rowsof thematrix [Vn + knaxI]. Now let uschoose among
them a vector of maximal norm and normalize it. We get
tmax. The principa direction t,,;, is found as the vector
product of t,,,x and n.

kmin =H — H? - K.

Ridgesand ravinesas surface-surfaceinter sec-
tion curves

As it was shown in the previous sections, ridges and
ravines can be defined by systems of two non-linear equa
tions and two inequalities.

Thecrucial step in our numerical extraction of the ridges
and ravines is finding an intersection curve of two surfaces

given in implicit form (implicit surfaces): the initial sur-
face (7) and locus of the extrema of the principal curvatures
along their principa directions

dkm ax dkmin

T(z', 2% o) =
( ' ' ) dslnin

ds max

—0, (15)

where the derivatives are given by (9). The quantity T
is caled the Gaussian extremality and was introduced in
[18]. Our numerical experiments confirm remarkable sta-
bility properties of the zero crossings of the Gaussian ex-
tremality observed in [18].

Tracing the intersection curve of (7) and (15), we extract
the ridges according to (14).

We describe below an agorithm of obtaining piecewise
linear approximation of the intersection curve for further
visualization and analysis.

There are two main numerical approaches to implicit
surface-surface intersection:

1. Start with some intersection point found analytically
or numerically. Trace the intersection curve by differ-
ential equation solving. See, for example, [9].

2. Approximate both surfaces by polygons and intersect
two obtained polyhedrons.

Note that these methods treat both surfaces equally. On
the other hand, one could observe from the previous sec-
tions that even for a simple surface the function defining its
ridges can be very complex. It means that evaluation times
for these two functions can differ drastically. Therefore, an
algorithm aiming to decrease the number of evaluations of
the more complex function can substantially decrease the
overall computation time.

We propose an aternative intersection method based on
the extension of existing implicit surface polygonization al-
gorithms. The idea is to adaptively polygonize the initial
surface near the intersection curves and to test the obtained
polygons against another surface. If at least one vertex of
the polygon lies inside the second surface, endpoints of a
segment of the intersection line can be calculated.

The proposed agorithm is based on our implicit sur-
face polygonization method [15] and includes the following
steps:

e Define the surface by F(2!,22,23) = 0 and the the
zero crossings of the Gaussian extremality (15), which
can be considered as an equation of a trimming sur-
face.

e Introduce a sparse spatial grid in (x!, 22, 2*) space.
e Calculate F' values at the grid points.

e Obtain the initial triangulation for the surface F = 0
following the algorithm [15].



e For each triangle calculate T' values in its vertices and
check the following adaptation criteria:

1. Different signs of the function 7" values in the
vertices: the triangle intersects the trimming sur-
face;

2. Evaluate T' in the barycenter of the triangle. If
the sign isdifferent from the signsin the vertices,
the trimming surface penetrates the triangle but
all vertices are outside or inside the surface.

3. If the absolute value of T isless than some given
e, the triangle is close to the trimming surface
with possible surface-surface intersection.

o If one of the adaptation criteriais satisfied, start recur-
sive subdivision of the triangle in four triangles by in-
troducing new verticesin the middle of itsedges. Place
newly introduced vertices on theinitial surfaceusing a
search in the normal direction. Repeat the previous
step for the four new triangles.

¢ |f none of the adaptation criteria is satisfied for the
current triangle or the given level of subdivision is
achieved, check the values of the function 7" in the ver-
tices. If the values have different signs, the endpoints
of the intersection line segment can be found by the
linear interpolation along the corresponding edges.

e For the purpose of visualization, we extract not only
the intersection line segment but a stripe by stepping
from each endpoint in both directions aong the corre-
sponding triangle edge.

Note that the proposed algorithm starts with the sparse
mesh and then invokes its adaptation in the neighborhood
of the intersection curve. Moreover, the function 7' defin-
ing the ridges is evaluated only in the vertices of the initial
surface mesh but not in the 3D grid points. This helpsto de-
crease the number of time-consuming function evaluations
while providing required accuracy of the intersection line
extraction.

Experimental results

We test our algorithms on the rounded octahedron
F(z,y,2) = a* +y*+2* +527y% +5y? 22 + 52222 —1 = 0.

It is a convex surface and we choose the orientation
such that both the principal curvatures are positive. Fig.2
demonstrates intersection between the rounded octahedron
F(z,y,z) = 0 and the surface of the extrema of the princi-
pal curvatures aong their principal directions T'(x,y, z) =

Figure 2.

0. Theridges consisting of the maxima of the maximal prin-
cipa curvature along the associated curvature line are col-
ored in white.

Theinitia sparse mesh has 12 x 12 x 12 nodes with four
levels of recursion. The processing time is 140 seconds.
It gives approximately 70 times speed-up if compared with
2.5 hours of calculation time for the non-adaptive run with
equivalent 190 x 190 x 190 resolution.

Although extraction of the ridges on the rounded octa-
hedron according to the approach developed in this paper
alows an analytical solution, it exceeds the current possi-
bilities of Maple and Mathematica computer algebra sys-
tems. A different approach alowing to extract the ridges
analytically (with acomputer algebra system) from implicit
polynomial surfaces was recently proposed in [3]. In our
numerical calculations we use finite differences to approxi-
mate derivatives of F.

For robust extraction of the ridges and ravines from red
data given in implicit form (isosurfaces of 3D images),
preliminary smoothing of the data is required. However
smoothing modifies the surface curvature phenomena. A
possible remedy lies in adaptive smoothing based on local
curvature estimation. Thisresearch isin progress now.

Conclusion

We derived formulasto detect the ridges and ravineson a
surface giveninimplicit form. We also proposed and imple-
mented an algorithm of the piecewise linear approximation
of ridges and ravines as intersection curves of two implicit
surfaces. The algorithm takes into account that the time
consuming evaluation of the function defining ridges on the
initial surface. The proposed adaptive solution significantly
accel erates the ridges/ravines construction.
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