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Abstract

‘Ilk paper ck!als wi[h an inlcrac[ivc scuipling [cchniquc based

on local tfcformsil{ms I)] a cons[ruc[ivc solid by a se[ of arbitrary
potnts that arc assumed (O belong [o Ihc rcsullanl surface.
I<eprcsenlation of a solid by a real continuous function of three
variables is used, ‘Ilc [heory of R-functions is applied for scl-
theoretic operatlorrs on solids. in contrast m the existing methods
based on space mapping, \ve construc~ a displacement function
that irmxpolatcs values t)f the defining function in given control
points. “I”henan algebraic sum (difference) of [he defining
function and [hc displactmcnt function describes the deformed
solid. B]obby dcforrna[ion, dcformaliort with a volurnc splint, and

deformation con[rollcd by a parametric curve arc (fiscusscd. f310bby
deformation mmfcls pinching and pricking that resull in small
bUtnpS, ‘1’() define rnorc! global dcforma[iorr we usc the volurnc

spl[nc lurrctmn dcrlvcd forscattcrccf points and possessing minimal
energy propcrt!. “[lis approach has been applied [o reconstruct
solids from given surface points. Conlml (If dcformatiorr wilh a
p:ir~mctric curve all(}vs (() produce sweep-llkc shapes placed on
inltlai surlaccs.

1 Deformations and algebraic sums

‘~he sculpting metaphor of 31) shape mmfehng M inluitive and
natural onc for designers, l~xwting dcf’ormali(m mclhocfs arc based
(m space mappings ctmtrolled by numcncal paramclcrs [3, 23], by
point Iattlces [22, 9] and arbitrary con(rol points [6, 12, 71. I;rec-
Iorm dcf’ormatiorrs propowxf by Sederberg and Parry [22] and
cx(urded In [9, 12] can bc cffecu~ely applied m polygonal and
parametric surfaces. On (hc other hand, the inverse mapping for
implicit surfaces requires time-consuming subdivisions or an
ilcrativc search. “f’he general deformation techniques [6, 7]
providing forward and inverse mapping better suit to implicit
surfwes, Most of the above-mentioned deformation methods are
real] y global to provide a series of small bumps defined by arbitrary
points. Although the method of Borrel and Rappopor[ [7] has been
designed for localized space mapping, it can Icad to non intuitive
results whur bounding spheres of several control points intersecl.
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The problem slated in our work Mm c[mtr(d local dcflmnall{)ns
of a solld by a sw of arbitrary polrrls and curves that arc assumuf [o
belong [Oihc surface of the rcsultanl solid. NOWthat inlua] posttlon

of a point on the surfi~cc M not rcqulrcd. Wc would Ilkc m support
crcaling anew fcatureby addition ofjus[ onc control”pi)lnt. Pmchlng
and pricking that result in small bumps can bc dcal( [n this $lay. If
we assume mort smooth transition of the rcsul(an[ surface bctwccn
control points, more global deformation can be obhmcd,

We use representation of a solid by a continuous real function of”
three variables f(x,y,z) >0. Wc call i[ a de@ring/imccion of a sol id,
A zero set of such a function is usually called an implicit surface.
We intend to apply algebraic operations (sum and difference) to

implement deformations of functionally rcpreserrwd solids.
Algebraic operations on defining functi(ms have been already

applwd 10 describe solids with implicit surfaces and gCometrlC
operations on them. Descriptions of implicit surfaces try bhhby
model [41, mctaballs [14], sofl (Jbjccts [2!6]and dlsianw functl(]ns
[5, 13] arc essentially based on algebraic sums ofdcflnlrtg f’unctlorrs.
It provides a possibility LOdeform an object hy adding nc~v
primitives to i[s skeleton. Deformations t)f dlslancc sur!accs in
collisions by algebraic diffcrcncc of defining field functions have
been proposed by Gascuel [1 1]. IIowcvcr, to construct an ohjccl
of this kind one “must choose and place overlapping primitives
with great skill in a most non intuit!vc way” [27],

A blend surfwe can be described in terms of algebraic opttrati(ms
on defining functions [25]. “Ilesc operations arc applied in practice
to solid primitives but not t{)c[mstructivc solids (we, for example,
[X]). ‘f’he theory of R-functions [19] provides means of functmr
representation of solids constructed by the standard (non-
regularizcd) set opcratiorrs (SW [21 ] for a survey). Shapiro [2 1]
applies algebraic difference to construc[ ~ real function (fcfining a
regular solids required in corrstructivc solid geometry (CS(;).
131cnding, offsetting and metamorphosis opera[ilms have been

defined in [17,1X,15] by algebraic sums applied t{) R-function
based exact descriptions of constructive solids, I’asko and
Savchenko [16] describe stochastic deformation of a solid using an
algebraic sum with so-called “sulid noise” functi[m, “[o model
these geometric operations we use a high-level geometric language
[1] supporting mixed algebraic and set operations (m dcfinlng
functions.

As this brief overview shows, algebraic opcratiorrs on dcf]nlng
functions give a promising tool for complex transfmmatluns of
geometric solids. The general idea of our approach to dcformati[)rrs
is to construct a displacement furrctmn that interpolates values (JI
the defining function in given control pmnts, “I”hcn Agcbralc
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difference between the defining function and lhe displacement
function describes the deformed solid. Next Section describes our
approach and gives several examples. Future research directions
are given in Section 3. A spline based on the Green’s function is
presented in Appendix.

2 Deformationswithalgebraicsums

M f,(x,y,z) be a defining function of an initial solid GI and

{P,}= {(~,,y,,zj}, i=l,N be a set of N arbitrary points of Euclidean
space E3. These control points define deformation of GI resulting
in a solid G2. Control points are assumed to belong to the surface
of G2. The problem is to construct a defining function fl(x,y,z) for
Gz on the base of fl and {p,}. We propose to express this dependence
as an algebraic sum:

f,(x,y,z) = fl(x,y,z) + d(x,y>z)>

where d(x,,y,,z,) = - f(x,,y,,zl) is a continuous real displacement
function.

2.1

We

Blobby deformation

have found the following approximate form of the
displacement function to be suitable in practical applications:

N fl(X,>Y,,Zj

d(x,y,z) = - ~

i-l I+(r, / aJ2

where r,z= (X-X)2 + (y-y,)2 + (Z-Z,)2. This function has a local
extremumin every control point. That is why it produces blobby-like
deformation of a solid. The parameter a, is used to control width of
blobs. Note that this method does not guarantee connectivity of the
resultant solid. In the case of a disconnected blob, the parameter a,
can help to produce connection. Suggested form of the displacement
function is not time consuming, but also is not the only one possible.
Other Gaussian-like functions can be designed for specific applica-
tions.

The simplest example is deformation of a primitive solid defined
by an analytically expressed function. Deformation of a ball is
illustrated by Fig. 1. Note that white markers in Fig.la correspond
to control points positioned inside the solid and red markers
correspond to control points outside the solid. These control points
define pinched and pricked blobs correspondingly. To apply the
same type of deformation to a constructive solid, we need to define
it by a single continuous real function. Fig.2 illustrates deformation
of a cube with a cylindrical hole defined by the set-theoretic
operations. We have applied following R-functions to construct
the defining function of this solid:

f== fA+ f~ + / f 2+ f 1 for union of solids A and B

fc= f. + f~ - ~ for intersection of solids A and B.

Fig.3 illustrates a blobby deformation of a solid defined by the

set-theoretic and blending operations. A single real function defining
the initial solid was constructed by means of the modified R-

functions [17] used for blending intersection of solids A and B:

b,
fc. fA+f, -J fAJ+f,’+—

1 +(fA/ b,)’ + (f D/b,)z

The initial solid and 38 control points are shown in Fig 3a.

Note, some control points are outside the solid (letters “E’’,’’A”
and part of “S”) and other inside the solid (part of “S” and “Y”
letter) but all of them are near the surface. The resulting blobby
deformation is shown in Fig.3b. Outside points result in pinching
effect and inside points result in pricking effect. One can notice
local nature of deformations that is practically impossible to achieve
by another existing methods.

If one needs to introduce an elliptic area of influence for each
blob and orientation of its local coordinate system, the following
form of the displacement function cm be suitable:

N

d(x,y,z) = - ~ d{x,y,z)

i= 1

f,(x,,y,,z,)(l-r,’)’
where d~x,y,z) = if r,2< 1

1+r,2

and d~x,y,z) = O if r,z z 1

for r,2= (x’ / a1)2 + (y’ / a2)z + (z’ / a,)z , where (x’, y’, z’) are
coordinates of a point in a local coordinate system of the i-th blob.
This type of Gaussian-like function has been proposed by Wyvill
et af. [28] for parametric surface design. Fig.3c illustrates modeling
of scratches by this displacement function with 15 control points.

2.2 Deformation witha volumespline

If a displacement function approximates defining function values
in control points more smoothly (without local extreme points),
more global deformation can be obtained. on the other hand, it can
be located in a certain space area. We use the volume spline
function derived for multidimensionaf scattered data on the base of
‘thin plate’ function [10,2] and Green’sfunction [24] (see Appendix).
Fig.4 shows a constructive solid deformed with this volume spline.
Deflated and inflated versions of the “rubber” object are defined
by a few inside and outside cnntml points. No local bumps have
appeared and the deformation has quite global nature, Deformations
can be localized easily by proper placing control points. Additional
control points with predetermined zero spline values can help as
welf.

This approach has been applied also to reconstruct solids from
given surface points and contours [20]. A solid being searched is
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a b

Figuru 1. I)cf’{mna[jon [)] a solid Id] \\l[h five arbitrarily placed
ct)n(ml p{)lnts. ‘1’hcu hi~c markers corrcsp(md [() the cnnirol points
p(~siti[)J]L!rfimtsldc the solld and lhc rcd markers Lmrrcspurrd IUthe
control points lnsldc the solid.

a b

I’lgurc 2. l)cf[)rm~ilon of a cuhc with Acyllndrlcul hole dcllncd
by the scl-theoretic opcrti(l[]rrs using R-funciions, %vcn control”
points have been placed inside (four upper points) and outwdc (hc
cube (three lower points).

a b

Figure 4 l)cformatlorr \vith a volume splint: ccntre - a “rubber” cat with curttrol points, left - a dcffatcd cat defined by eight
c[mtr(~lpl~lnls (i-cd rtlarlwrs), righ( - an Inflalcd cat defined by SIXcontrol poirris (white markers).
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Figure 5. Reconstructed Mars sattelite

represented as a “carrier” solid deformed using an algebraic sum
with avt)lume spline. Reconstructed solid model of the Mars satellite

(Fobos) is shown in Fig.5. A bafl as a “carrier” solid was deformed
by algebraic sum with the volume spline interpolating function
values in 942 points randomly placed on the surface.

2.3 Deformationwitha parametriccurve

It might be interesting to control a deformation by a continuous
curve rather than by a finite set of control points. Then the
displacement function can be defined as

1

Jd(x,y,z) = - fl(x(t), y(t), z(t)) e~r ‘) dt

()

where rz= (x-x(t))* + (y-y(t))z + (z-z(t))z and functions x(t), y(t),
z(t) define a control parametric curve. Fig.6 illustrates this type of
deformation with two different procedures of integra) calculation.
An initial block is defrrrmed under control of a parametric spiral
curve. The deformed shape in Fig.6a is produced using Simpson’s
method of integral calculation. In the second case (Fig.6b) the
integral was estimated as a maximal value of the integrated function.
We have applied the iterative quadratic search method to find the
maximum. Although the deformed shape in Fig.6b more strongly
depends on the features of the initial object (for exampIe near the
edges), it took 2.5 times fewer number of function estimations to
calculate this deformation. One could notice a sweep-like shape
produced by this deformation technique.

3 Conclusionandfiture work

We have presented a new technique for deformation of geometric
solids defined by real functions of three variables. This technique
is applicable to solids constructed with set-theoretic operations and
described using R-functions. The chosen types of displacement
functions allow producing both subtle local bumps and more global

Figure 6. Deformation of a block with a control parametric
spiral: a) numerical integration; b) an integral estimated as a
maximal value of a function.

deformation. Only positions of arbitrary points, but not their
displacements, are needed to control deformation. h is quite intuitive
and simplifies interactive process very much.

Future work will focus on three areas. First, combination of
space transformations and algebraic sums on the base of
multidimensional mapping will be investigated. It can provide
flexible control of global and local deformations in a uniform
manner. The second area of interest is to develop deformation
controlled by parametric surface patches. The third area involves
providing user control of the deformation in virtual reality
environment.
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Appendix. Volumesplinebasedon
Green’sfunction

Data given:
● Scattered points {P, = (xl’, X2’,.... xc’): i=l, .. ..N} in En

● Values of a defining function f,=f(P, )

The problem is to find a smooth function U(x) so that
U(P, ) = f,. The Green’s function is used as a basis function:

Gmn(x, P) =
{

llx-Pjlti* htllx-P~l if n is even

llx-PJl~-” if n is odd,
N

where IIx-PIII= (~ ( x, - x,’ )9 ‘n, x = ( xl, x2, .... Xu) is an arbitrary

point of E“.
j.]

The coefficient m z 2 defines an applied norm. In practice, m=2
can be used. For m=2 and n=2,3 the spline has the following form:

S+k

u(x) = ~ Algfx, P),
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where g~x, P,)= G~O(x, 1’,), i=l, .... N,

gh+,(~. p,)= i}
g~,,+j(x, P,)= x,, j=l, ,,,, k-1,

k= (n+m-l)! (n!(m- l)!).

The splint coef’f’icicn[s },, are calculated using the systcm of
(N+k) Iincar cquatlons:

A

A,, = g,(P,. P),

f,
f’,

~

()

()

0

IS N+k, jsN, i =j;
A;, = 0~ ‘ i< N;
A,, = g,(P,, l’,), is N, N<js N+k;
A,, = O, i> N,j>N,

The system is solved by Huuseho]der’s method. After defining
the coefficients the splint U(x) can be restored. l%c choice of this
spline has been caused by [he following reasons:

● i[ was derived cspccittlly for the case of scattered points;

● minimal energy properly:

● Ckcmttinuity with k < ?m - n
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