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Abstract

The paper presents a novel approach for accurate polygo-
nization of implicit surfaces with sharp features. The ap-
proach is based on mesh evolution towards a given implicit
surface with simultaneous control of the mesh vertex posi-
tions and mesh normals.

1 Introduction

Polygonization of an isosurface of a function of three
variables (or implicit surface) includes sampling the func-
tion at selected points, estimating the positions of the mesh
vertices, and connecting them to form polygons. This usu-
ally results in space aliasing (faceting) which is a common
problem arising whenever some continuous object is repre-
sented by a set of discrete samples. Such faceting is most
pervasive for shapes with sharp features (edges, corners,
spikes, etc.).

Sharp edges and corners appear naturally if the implicit
surface is constructed using set operations (union, intersec-
tion, difference). The defining function for such surface can
be obtained by applying min/max functions or more general
R-functions [21, 22, 25] to the defining functions of the ar-
guments of set operations. If the binary tree of operations is
available, then the sharp features can be found by a numer-
ical method that analyzes the functions of both arguments
for each operation [31]. However, if the resulting function
is evaluated by a procedure making the tree of operations
not available to the application, this method is not applica-
ble.

One possible antializing solution consists of adaptive-
resolution polygonization, in which the sampling rate
adapts to the changing feature size (curvature scale) of a sur-
face being polygonized. A good review of adaptive methods
can be found in [5].

Another remedy to reduce apparent faceting is smooth-
ing. Two main approaches for smoothing polygonal meshes

consist of geometric signal processing [28] and mesh evo-
lution by curvature flows [9, 24]. However, conventional
smoothing schemes blur high curvature regions and, there-
fore, are not acceptable for antializing surfaces with sharp
edges and corners.

New approaches for mesh smoothing with simultane-
ous preserving and enhancing salient mesh creases were
recently proposed in [3, 17, 19] where nonlinear averag-
ing (diffusion) of mesh normals was used as a main con-
stituent, in [7] where an anisotropic weighted mean curva-
ture flow was employed, and in [8] where a curvature-driven
mesh evolution was used. See also [27] where a crease en-
hancement diffusion was developed for image processing
purposes and [10] where an anisotropic diffusion was used
for feature-preserving height data denoising.

Fig� �� Left� a triangulated implicit surface con�
structed by the marching cubes method� Right�
after applying the mesh evolution process devel�
oped in this article� Flat shading is used�

In this paper, we adapt methods developed in [3, 17, 19]
for crease enhancement and combine them with a mesh reg-
ularity improving technique [18, 30] in order to fit implicit
surfaces with sharp edges by triangle meshes. Consider an



Fig� �� The leftmost and rightmost images demonstrate wireframe images of the initial and �nal triangle
surfaces exposed in Fig� �� respectively� The two middle images show intermediate stages of the evolution
from the initial mesh to the �nal mesh� Note that mesh vertices and edges align with sharp features of the
implicit surface�

implicit surface and its triangulation obtained by a standard
isosurface extraction technique (in our numerical experi-
ments we use a VTK implementation [23] of the marching
cubes method [13]).

Given an implicit surface f�x� y� z	 
 � and its initial
triangulation of the surface, we act on the mesh vertices by
three forces. Two forces optimize positions of the mesh
vertices according to the values of the function and its gra-
dient at the vertices. The third force improves mesh regular-
ity. Combination of these three forces allows us to achieve
an accurate approximation of the implicit surface by a high
quality mesh.

Fig. 1 shows an initial triangulation of a surface of a solid
with sharp edges (left) and a triangulated surface obtained
after applying the method developed in this article.

The leftmost and rightmost images of Fig. 2 demonstrate
wireframe images of the initial and final triangle surfaces
exposed in Fig. 1, respectively. The two middle images of
Fig. 2 show intermediate stages of the evolution from the
initial mesh to the final mesh. Note that mesh vertices and
edges align with sharp features of the implicit surface.

The idea to use meshes whose vertices act as dynamic
particle system was proposed in [11, 12] for 2D and in [15]
for 3D and since then was extensively used for segmenta-
tion and tracking in multidimensional images and volume
data (see, for example, [4, 14, 16] for recent achievements in
shape modeling and analysis with deformable contours and
surfaces). Recently dynamic meshes were applied to sur-
face extraction from distance volume datasets [30]. How-
ever, in contrast to previous works, our method is developed
to obtain an accurate mesh approximation of an implicit sur-
face with sharp edges and corners. It is achieved by a simul-
taneous adjustment of the mesh vertices and mesh normals.

2 Mesh Evolution Toward The Implicit
Surface

Consider a family of meshes Mn evolving according to
the following equation

Mn�� 
 D�Mn	 
Mn �D�Mn	� (1)

whereD is a mesh updating operator according to displace-
ment vectors D defined at the mesh vertices. In many situ-
ations (1) can be considered as an explicit approximation of
an evolution of a family of smooth surfaces.

Consider an implicit surface S 
 ff�x� y� z	 
 �g and
its polygonization M�. We want to construct a mesh updat-
ing operatorD such that the mesh evolution process (1) with
M� taken as the initial condition converges to the surface,
Mn � S, as n��.

We implement the operator D satisfying the above re-
quirement as the superposition of three mesh updating op-
erators (mesh flows) depending on f and local mesh prop-
erties:

D 
 R � Z � N

These local operators are defined by the following vertex
update procedures

N -flow � Pnew �� Pold �N�Pold� ��Pold	� f	 (2)

Z-flow � Pnew �� Pold � Z�Pold� f	 (3)

R-flow � Pnew �� Pold �R�Pold� ��Pold		 (4)

where ��P 	 denotes the set of neighbors of vertex P in M ,
N, Z,R are vector functions (forces).

In the subsequent subsections we define these vector
functions such that N -flow corrects the mesh normals ac-
cording to the implicit surface normals, Z-flow pushes



Fig� 
� Left� A square �bold line	 de�ned as the zero level set of a function w 
 f�x� y	 �the function is
continuous� the �roof� is separated for visualization purposes	� Middle� the graph of the function w 

f�x� y	�� Right� the square and a gradient vector �eld �r

�
f�x� y	�

�
�

mesh vertices toward the implicit surface f�x� y� z	 
 �,
and R-flow equalizes the mesh sampling rate.

N Z R

Fig� �� Top row� fragments of the triangulated
block model shown in the left image of Fig� ��
Bottom row� the same fragments after a num�
ber of repeated applications of the operators N �
Z � and R�

Fig. 4 demonstrates how these mesh updating operators
(flows) act on a triangle mesh. The top row demonstrates
fragments of the triangulated block model shown in the left
image of Fig. 1. The bottom row shows the same fragments
after a number of repeated applications of the operators N ,
Z , and R.

2.1 Moving mesh vertices toward the implicit
surface

The simplest way to move mesh vertices toward a given
implicit surface f�x� y� z	 
 � is to introduce an attracting
force defined via the gradient of f . In our implementation
we define Z-force by

Z�f	 
 ��r
�
f�x� y� z	�

�

 ���f�x� y� z	rf�x� y� z	�

where � is a small positive parameter and r denotes the
gradient. Since the implicit surface f�x� y� z	 
 � is the
minimal level set of the function w 
 f�x� y� z	�, Z-force
defined as above moves the mesh vertices towards the sur-
face.

A similar force��� sign�f	rf was used in [29] in con-
nection with adaptive-resolution polygonization of implicit
surfaces.

Fig. 3 demonstrates a 2D level set f�x� y	 
 � defining
a square and the associated Z-force.

The value of � is chosen to ensure numerical stability of
(3). Based on an analogy with a stability analysis for the
first-order linear partial differential equations (the Courant-
Friedrichs-Levy stability criterion [20]) we select � such
that

max�jfrf j	�

h
� c� (5)

where h characterizes the mesh sampling rate and c is a
constant independent of the mesh and function f . In our
current implementation, h is the step-size in the marching
cubes method used to generate the initial mesh and the time
step-size � is defined by

� 

h

���max�jfrf j	
�



The gradient rf can be computed analytically only for
simple functions w 
 f�x� y� z	. So we use standard
central-difference formulas to estimate the gradient.

2.2 Mesh optimization according to implicit
surface normals

A better approximation of the implicit surface
f�x� y� z	 
 � is achieved if we modify positions of
the mesh vertices such that the triangle normals are close
to corresponding implicit surface normals. Fig. 5 illustrates
advantages of such mesh optimization. The left image
shows approximating a smooth curve by a polygonal line
whose vertices are close to the curve. The right image
demonstrates the same curve approximated by a polygonal
line whose vertices and normals are close to curve points
and normals.

Fig� �� A curve approximated by two polygonal
lines� Left� �tting the vertex positions only does
not assure a good approximation� Right� �tting
the vertex positions and normals simultaneously
improves the approximation drastically�

An appropriate error function will be introduced and dis-
cussed in Subsection 2.4

Consider a unit vector field

m�x� y� z	 
 rf�x� y� z	�jjrf�x� y� z	jj

It is orthogonal to the implicit surface f�x� y� z	 
 � at
the implicit surface points. Fig. 6 presents a 2D example:
a square defined as an implicit surface f�x� y	 
 � and its
associated unit vector fieldm�x� y	.

The figure demonstrates also that smoothness of the nor-
malized gradient vector field m depends on functions cho-
sen for basic Boolean operations. We use R-functions
[21, 22, 26] since they have better differential properties
than the commonly used min �max functions.

We want to move mesh vertices such that for every
mesh triangle T the mesh normal n�T 	 becomes closer to
m�T 	 
 rf�C	�jjrf�C	jj, where C is the centroid of T .
It is achieved by the N vertex update operator (2) with

N�P� ��P 	� f	 

�P
A�T 	

X
A�T 	v�T 	�

where v�T 	 

h���
PC �m�T 	

i
m�T 	 is the projection of

the vector
���
PC on the m�T 	 direction, A�T 	 denotes the

Fig� �� A square de�ned as an implicit sur�
face f�x� y	 
 � and the vector �eld m 

rf�x� y	�jjrf�x� y	jj� Left� min �max functions
were used� Right� R�functions were used�
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Fig� �� Left� mesh triangles and their associated
vectors� Right� updating vertex position by N �

area of T , and the summations are taken over all P -incident
triangles, see Fig. 7.

A similar vertex update operator was used in [3, 17, 19]
for crease enhancement purposes.

2.3 Mesh relaxation

To improve mesh regularity we use the tangential com-
ponent of the Laplacian smoothing flow. The Laplacian
flow, in its simplest form, moves repeatedly each mesh ver-
tex by a displacement equal to a positive scale factor times
the average of the neighboring vertices. Consider a mesh
vertex P and its neighbors Q�, � � � ,Qn. The Laplacian flow
is determined by the umbrella vectorU given by

U�P 	 

�

n

nX
i��

Qi � P� See Fig. 8.

The vertex update operator R equalizing the mesh sam-
pling rate is defined by (4) with

R �P� ��P 		 
 C �U� �U � n	n� � (6)

where n is the mesh normal at vertex P and C is a positive
constant. In our current implementation we use C 
 ���.
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Fig� �� The umbrella vector U�P 	�

Mesh relaxation by the tangential component of the
Laplacian flow was first considered in [18]. It was also used
in [30] for mesh reparameterization purposes.

Fig. 9 demonstrates how the tangential component of the
umbrella operator improves the mesh sampling quality.

Fig� �� Left� a polygonized sphere generated by
the marching cubes method� Right� the mesh is
improved by several iterations of the mesh relax�
ation R��ow�

However, the R-flow (4) does not preserve sharp edges,
as it is demonstrated in Fig. 10.

Fig� ��� Sharp edges of a cube are broken by the
mesh quality improving R��ow�

Thus dealing with an implicit surface with sharp features
we have to switch off the mesh quality improving R-flow
when the flow interferes with the mesh-to-surface conver-
gence process.

Fig� ��� Transformation of a triangulated sphere
�top�left	 towards a cube �bottom�right	 de�ned
initially as an implicit surface� Sphere deforma�
tion by Z��ow only leads to a polygonal surface
shown in the top�right image� Sphere deforma�
tion by N ��ow only leads to a polygonal surface
shown in the bottom�left image�

Fig. 11 demonstrates how N -flow (2) and Z-flow (3)
transform a polygonized sphere (top-left image) toward a
cube (bottom-right image) defined as an implicit surface. If
onlyZ-flow is applied, the sphere transforms to a polygonal
surface shown in the top-right image. If the mesh is moved
by N -flow only, the sphere transforms to a polygonal sur-
face shown in the bottom-left image. A perfect metamor-
phosis of the sphere to the cube is achieved if at first we use
the composition of the three introduced flows R � Z � N
and then shift to the flow Z �N according to an analysis of
an error function defined and studied in the next subsection
see Fig. 12.

2.4 Error analysis

To analyze how close the evolving mesh Mn approaches
the implicit surface f�x� y� z	 
 �, as n��, we introduce
error estimator functions �v measuring the deviation of the
mesh vertices from f�x� y� z	 
 � and �n characterizing the
deviation of the mesh triangle normals from the normalized
gradient vector field rf�jjrf jj.

The deviation of a mesh vertex P from f�x� y� z	 
 � is
estimated by

f�P 	�
X

T� inc�P �

A�T 	

where the sum is taken over inc�P 	, all mesh triangles T in-



0 iterations 10 iterations 50 iterations 100 iterations 200 iterations

Fig� ��� Sphere�to�cube transformation� �R�Z �N 	��ow was used for the �rst ��� iterations and �Z�N 	��ow
was used for the last ��� iterations� Note how good mesh vertices and edges align with the cube edges�

cident with P , and A�T 	 denotes the area of T . Summation
over all the mesh vertices and normalization gives

�v 

c



P

all T A�T 	

X
all P

�
�f�P 	�

X
T� inc�P �

A�T 	

�
A

with c 
 ��max�f�Q	�	 where maximum is taken over all
the vertices Q of the initial mesh M� (in our implementa-
tion M� is obtained by the marching cubes method).

The deviation of the mesh triangle normals from
rf�jjrf jj is estimated by

�n 

�P

all T A�T 	

X
all T

�
A�T 	 ��� jn�T 	 �m�T 	j	

�
	

where the summations are taken over all the mesh tri-
angles T , n�T 	 is the unit normal of T , m�T 	 

rf�C	�jjrf�C	jj, where C is the centroid of T .

Note that �v mimics the sum of squared distances from
the mesh vertices to the implicit surface and �n emulates a
weighted sum (integral) of squared differences between the
mesh and surface normals since

�n�m	� 
 ���� n �m	�

Note that �v � �f mimics the squared H� norm used
widely in the theory of partial differential equations [1] and
for error analysis of finite element methods [6].

As we noted in the previous subsection, the mesh motion
by the tangential component of the umbrella operator (R-
flow) destroys sharp edges, see Fig. 10. We switch off the
mesh regularization by R-flow after �n has stabilized.

Fig. 13 demonstrates the behaviors of �v and �n for the
block model mesh evolution (see Fig. 1 and Fig. 2) and the
sphere-to-cube transformation (see Fig. 12).

3 Conclusion, Discussion, and Future Work

We have presented a novel approach for accurate poly-
gonization of implicit surfaces with sharp features. The ap-
proach is based on mesh evolution towards a given implicit
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Fig� �
� The graphs of the �v �left	 and �n �right	
error functions for the block model mesh opti�
mization �top graphs� see block model mesh evo�
lution in Fig� �	 and the sphere�to�cube transfor�
mation �bottom graphs� see the sphere�to�cube
transformation in Fig� ��	� �R � Z � N 	��ow was
used for the �rst ��� iterations for the block
model mesh optimization and ��� iterations for
the sphere�to�cube transformation� Then �Z�N 	�
�ow was used�

surface with simultaneous control of the mesh vertex posi-
tions and mesh normals.

The presented implementation of the approach can be
improved in many directions. For example, if the sampling
rate of the initial mesh is comparable with the size of a
feature of a given implicit surface, then the feature can be
lost during the mesh-to-surface evolution process. Fig. 14
demonstrates a Doraemon 1 model built with HyperFun [2]
and then polygonized by the marching cubes method (top-
left image) and the result after applying the mesh-to-surface

1Doraemon is a round cat-style robot, one of the most famous Japanese
manga characters.



evolution process developed in this paper (top-right image).
Note that the mesh evolution removes the cat pupils (see the
bottom images). One way around this problem consists of
adding a mesh subdivision procedure to the evolution.

Fig� ��� Top�left� a Doraemon model built with
HyperFun ��� and then polygonized by marching
cubes� Top�right� the model after applying the
the mesh evolution process developed in this pa�
per� Bottom� the pupils and low eyelids are dif�
fused by the evolution�

The speed of convergence of a dynamic mesh towards an
implicit surface f�x� y� z	 
 � with sharp features depends
on differential properties of the function w 
 f�x� y� z	.
The min/max functions used commonly [23] for the basic
Boolean operations, union and intersection, have poor dif-
ferential properties. For example, max�x� y	 and min�x� y	
are not differentiable along the line x 
 y. Whereas cer-
tain R-functions [21, 22, 26] also define the union and in-
tersection and, in addition, possess much better differential
properties. Fig. 6 demonstrates advantages of R-functions
over the min/max functions. R-functions are implemented
in the HyperFun geometric modeling language and support-
ing software [2].

The approach developed in this paper can be used to im-
prove polygonizations of isointensity surfaces of 3D voxel
data. Fig. 15 demonstrates our preliminary results in this
direction.

Another direction for future research consists of mesh
offsetting using defining functions of implicit surfaces.

Fig� ��� An initial and improved polygonizations
of an isointensity surface of a 
D medical image�

Consider a mesh and a closed implicit surface f�x� y� z	 

� intersecting the mesh. We want to offset the mesh ver-
tices situated inside the surface to one or another surface
parts separated by the mesh, as seen in Fig. 16.

mes
h implicit

surface mes
h implicit

surface

Fig� ��� Mesh o�setting with implicit functions�

Fig� ��� Left� convex �H� and concave �i� en�
graved on the Stanford bunny by the o�setting
�ow ��	� Right� zoomed image of convex �H�
generated by bunny vertices�

Let us orient the mesh such that the mesh normals point
toward a desired surface part. The offsetting flow O can be
defined, for example, as follows

O-flow � Pnew �� Pold � � jfrf jn�P 	� (7)

where n�P 	 is the mesh normal at mesh vertex P and � is
the same as for Z-flow. The flows Z and N are switched



off if Z andN are opposite to the desired direction, respec-
tively. Fig. 17 demonstrates our preliminary results. The
word “Hi” was created using an implicit modeling tech-
nique (ball sweeping along letter skeletons). Then the “Hi”
implicit surface was placed properly on the Stanford bunny
given as a triangle mesh. Finally the mesh vertices situated
inside “H” were moved from the bunny and the vertices situ-
ated inside “i” were moved inside the bunny. The left image
of Fig. 17 shows the result, the right zoomed image shows
convex “H” generated by mesh vertices.
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