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Fig. 1. A point set surface (the leftmost image) and its coarse-to-�ne hierarchy of sets interpolated with compactly
supported basis functions.

Abstract

In this paper, weproposea hierarchical approach to 3D
scattered data interpolationwith compactlysupportedba-
sis functions. Our numericalexperimentssuggest that the
approach integratesthe bestaspectsof scattered data �t-
ting with locally and globally supportedbasis functions.
Employinglocally supportedfunctionsleadsto an ef�cient
computationalprocedure, while a coarse-to-�nehierarchy
makes our methodinsensitiveto the densityof scattered
dataandallowsusto restore largepartsof misseddata.

Givena point clouddistributedalonga surface, we�r st
usespatialdownsamplingto constructa coarse-to-�nehi-
erarchy of point sets.Thenweinterpolatethesetsstarting
fromthecoarsestlevel. We interpolatea point setof thehi-
erarchy, asan offsettingof the interpolatingfunctioncom-
putedat the previouslevel. Fig. 1 showsan original point
set(the leftmostimage) and its coarse-to-�nehierarchy of
interpolatedsets.

According to our numericalexperiments,the methodis
essentiallyfaster than the state-of-artscattered data ap-
proximationwith globally supportedRBFs[9] and much
simplerto implement.

1 Intr oduction

Sincethe pioneeringworks of Ricci [32] andBlinn [4]
geometricmodelingwith implicit surfacesremainsto bean
active researcharea[7]. Recentdevelopmentsin this �eld
includelevel setmethods[34], variationalimplicit surfaces
[33, 35, 36], and adaptively sampleddistance�elds [17].
Novel trendsin implicit surfacemodelingare closely re-
latedto interpolatingandapproximatingpoint setsurfaces
using level set methods[40], via Radial BasisFunctions
(RBFs)[9, 12, 11, 26], andbyMovingLeastSquares(MLS)
[2, 15, 30], seealsoreferencestherein.As demonstratedin
[9, 10], implicit surfacesare especiallyuseful for repair-
ing incompletedatasinceno topologicalconstraintsarere-
quired.

Interpolationand approximationof scattereddatawith
RBFs hasa variationalnature[18] which suppliesa user
with a rich paletteof typesof radial basisfunctions. The
basicquestionis whetherto chooselocalor globalRBFs.

Fitting scattereddata by local, compactly supported,
RBFsleadsto a simplerandfastercomputationprocedure,
while apracticalusageof globalRBFsis basedonsophisti-
catedmathematicaltechniquessuchasthefastmultipole
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methodemployed in [9]. On the otherhand,global RBFs
areextremelyusefulin repairingincompletedata[9] while
approachesbasedon compactlysupportedRBFsaresensi-
tive to the densityof interpolated/ approximatedscattered
dataand,therefore,acarefulselectionof RBFin�uencedo-
mainscontrolledby certainparametersis required.

A promisingwayto combineadvantagesprovidedby lo-
cally andglobally supportedbasisfunctionsconsistsof us-
ing locally supportedbasisfunctionsin a hierarchicalfash-
ion. To the bestof our knowledge,a multi-scaleapproach
to �tting rangedatawith bump-likebasisfunctionswas�rst
usedin [27]. At presenthierarchicalmethodsfor scattered
data�tting quickly gain popularityin computationalmath-
ematicsandcomputergraphicsresearchsocieties.For ex-
ample,recentlyanRBF-basedmultilevel approachto scat-
teredheightdatainterpolationwas employed in [16] (see
also[1, 20] for very recentdevelopmentsin this area),hi-
erarchicalGaussianswere usedin [24] for reconstruction
andmodi�cation of motionandimagedata. In [23] it was
demonstratedthat, chosenan appropriatecarrier implicit
surface,scattereddata�tting with locally supportedRBFs
canbe donevery fast. Thusa hierarchicalapproachwith
locally supportedbasisfunctionswheredatareconstructed
at coarserlevels serve ascarriersfor �ner levels may sub-
stantiallyacceleratescattereddata�tting.

Theapproachdevelopedin thispaperis anattemptto in-
tegratethebestaspectsof 3D scattereddata�tting with lo-
cally andglobally supportedbasisfunctions.We usecom-
pactly supportedfunctionsto interpolatea given 3D point
setsurfacein a hierarchicalway. Employing locally sup-
portedfunctionsleadsto anef�cient computationalproce-
dure, while a coarse-to-�nehierarchy makes our method
insensitive to the densityof scattereddataand allows us
to restorelarge partsof misseddata. We proposeto usea
new typeof compactlysupportedbasisfunctions:quadrics
multiplied by compactlysupportedradial weights,where
the quadriccoef�cients aredeterminedvia local weighted
leastsquares�tting andviaaglobalinterpolationprocedure.
Givenapoint clouddistributedalongasurface,we �rst use
spatialdown samplingto constructa coarse-to-�nehierar-
chy of pointsets.Thenwe interpolatethesetsstartingfrom
thecoarsestlevel. We interpolatea point setof thehierar-
chy by an offset of the interpolatingfunction computedat
thepreviouslevel. Numericalexperimentssuggestthatour
methodis essentiallyfasterthan the state-of-artscattered
dataapproximationwith globally supportedRBFs[9]. In
addition,our approachis muchsimplerto implementthan
thatdevelopedin [9].

Fig.2 demonstratesa reconstructionof an incomplete
databy our multi-scalescattereddatainterpolationproce-
dure. We smoothedslightly theangelmeshdatafrom Cal-
tech3D Gallery [8] andthenremoved all connectivity in-
formation.

Fig. 2. Top: an angel point-cloud data (40K points).
Bottom: a mesh generated by polygonizing the im-
plicit surface (zero level-set of the 3D scalar �eld)
generated by the proposedmethod. Notice how well
the missed parts are �lled and data is reconstructed.

The rest of the paperis organizedas follows. In Sec-
tion 2 weexplainourscattereddatainterpolationprocedure
atasinglelevel. In Section3 wepresentamulti-level inter-
polationscheme.We demonstrateanddiscussadvantages
andlimitations of our approachin Section4 andconclude
in Section5.

2 Single-level Inter polation

In this sectionwe demonstratehow our scattereddata
interpolationprocedureworksatasinglelevel.

Let us considera set of N points P = f pig scattered
along a surface. We assumethat the points are equipped
with inner unit normalsni de�ning an orientation. The
normalsareusuallycomputedduringtheshapeacquisition
stagefrom rangeimages. They canalsobe estimateddi-
rectly from point setdata[19]. We want to generatea 3D
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scalar�eld f (x) suchthat its zerolevel-set f = 0 interpo-
latesP . Implicit surface f (x) = 0 separatesthespaceinto
two parts: f (x) > 0 and f (x) < 0. Let us assumethat the
orientationnormalsarepointinginto thepartof spacewhere
f (x) > 0. Thus f (x) hasnegativevaluesoutsidethesurface
andpositivevaluesinsidethesurface.

We interpolateP by “function-valued”RBFs

f (x) = å
pi2P

y i(x) = å
pi2P

[gi(x) + l i ] f s (kx � pik); (1)

wheref s (r) = f (r=s ), f (r) = (1� r)4
+ (4r + 1) is Wenda-

land's compactlysupportedRBF [38], s is its supportsize,
andgi(x) andl i areunknown functionsandcoef�cients to
bedetermined.An appropriatevalueof s is estimatedfrom
the densityof P . The functionsgi(x) andcoef�cients l i
arechosenvia thefollowing two-stepprocedure.

1. At eachpoint pi we de�ne a function gi(x) suchthat
its zerolevel-setgi(x) = 0 approximatesthe shapeof
P in asmallvicinity of pi .

2. Wedeterminethecoef�cients l i from theinterpolation
conditions

f (p j ) = 0 = å
pi2P

h
gi(p j ) + l i

i
f s (kp j � pik): (2)

Noticethat(2) canberewrittenas

å
pi2P

l iF i j = � å
pi2P

gi(p j )F i j ; F i j = f s (kp j � pik)

andtherefore(2) leadsto asparsesystemof linearequations
with respectto l i . SinceWendaland's compactlysupported
RBFsarestrictly positive de�nite [38], theN � N interpo-
lationmatrix = f F i jg is positivede�nite if P consistsof
pairwisedistinctpoints.

For eachpoint pi 2 P we determinea local orthogonal
coordinatesystem(u;v;w) with the origin of coordinates
at pi suchthat the plane(u;v) is orthogonalto ni andthe
positive direction of w coincideswith the direction of ni .
WeapproximateP in avicinity of pi by aquadric

w = h(u;v) � Au2 + 2Buv+ Cv2;

wherethe coef�cients A, B, andC aredeterminedvia the
following least-squaresminimization

å
(u j ;v j ;w j )= p j 2P

f s (kp j � pik)
�
w j � h(u j ;v j )

� 2 ! min:

Now weset
gi(x) = w� h(u;v): (3)

Thusthezerolevel-setof gi(x) coincideswith thegraphof
w = h(u;v).

p

g +    =0

l

i

i

i

ni

s

f=0
l i u,v

w=n

p w=h(u,v)

lshift:

Fig. 3. Geometric idea behind our approach for scat-
tered point data interpolation at a single level.

A geometricideabehindour interpolatingprocedureis
illustratedin Fig.3. Fig.4showsthegraphof the2Dversion
of abasicfunction

y i(x) = [gi(x) + l i ] f s (kx � pik); (4)

asummandin (1).

Fig. 4. Graph of 2D version of basic function y i(x)
used in (1). Zero level y i(x) = 0 (parabola) is drawn
by bold line.

Parameters , thesupportsizeof f s (�), is estimatedfrom
thedensityof P . Westartanoctree-basedsubdivisionof a
boundingboxof P andstopthesubdivisionif eachleafcell
containsnomorethan8 pointsof P . Thenwecomputethe
averagediagonalof theleafcells.Finally wesets equalto
threefourthof thataveragediagonal.

To solve the linear systemcorrespondingto (2) we use
the preconditionedbiconjugategradientmethod[31] with
the initial guessl i = 0. The size of the linear systemis
N� N, whereN = jP j is thenumberof interpolatingpoints.
Note thatmethodsdevelopedin [33, 35, 26, 9, 36] require
alsointerior/ exteriorconstraintswhich togetherwith inter-
polation conditions f (pi) = 0 lead to a bigger systemof
linearequations.

Basisfunctions(4) usedin (1) aresimilar to thesur�ets
introducedby Perlin[13].
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Fig. 5. The Stanford bunny and Igea model recon-
structed from scattered point data as polygonized
zero level-sets of (1). Fitting time is 6 secondsfor
the Stanford bunny (35K points) and 47 secondsfor
the Igea model (134K points). After rescaling both
the models in order to �t them into a unit cube we
uses = 0:02 and s = 0:0125for the Stanford bunny
and Igea model, respectively.

As demonstratedin Fig.5, the above interpolationpro-
cedureis quite fast. However usingcompactlysupported
basisfunctionsimpliesseveralessentiallimitations.

� It hasnoability of repairingincompletedata,in partic-
ular interpolatingirregularly sampleddata(seeFig.6)
and�lling holes(seetheright imageof of Fig.7). En-
larging the supportsize parameters in order to �x
thesedrawbacksslows down the reconstructionpro-
cessessentially.

� The interpolatingimplicit surfacehasa narrow band
support(the left imageof Fig.7). It requires,for ex-
ample,the polygonizationgrid to be smallerthanthe
width of thesupportband.

Fig. 6. Left: Irregularly sampling points on the belly
part of the Stanford Buddha. Right: Mesh generated
from the zero level-set of the single-level compactly
supported implicit function.

Implementinga multi-scaleinterpolationprocedurede-
scribedin thenext sectioneliminatestheseproblems.

Fig. 7. Left: The bottom part of the Stanford bunny
shown the left image of Fig. 5. The holes are not
�lled. Right: the white region indicates the support
of the implicit function used to reconstruct the right
image of Fig. 5.

3 Multi-le vel Inter polation
To overcomeproblemsmentionedat theendof thepre-

vioussectionwe build a multi-scalehierarchy of point sets
f P 1;P 2; : : : ;P M = P g andinterpolateapointsetP m+ 1

of thehierarchy by offsettingtheinterpolationfunctionused
in thepreviouslevel to interpolateP m. Fig.8 demonstrates
themainstepsof ourmulti-level interpolationapproach.

3.1 Construction of Point SetHierar chy
To construct the multi-scale hierarchy of point sets

f P 1;P 2; � � � ;P M = P g we �rst �t P into a paral-
lelepipedandthensubdivide it andits partsrecursively into
eightequaloctants.PointsetP is clusteredwith respectto
thecellsof thebuilt octree-basedsubdivision of theparal-
lelepiped.For eachcell we considerthepointsof P con-
tainedin thecell andcomputetheircentroid.A unit normal
assignedto the centroidis obtainedby averagingthe nor-
malsassignedto the pointsof P inside the cell andnor-
malizingtheresult.SetP 1 correspondsto thesubdivision
of theboundingparallelepipedinto eightequaloctants.

3.2 Multi­le vel Inter polation via Offsetting
After constructinghierarchy f P 1;P 2; � � � ;P M = P g,

our multi-level interpolation procedureproceedsin the
coarse-to-�neway. Firstwede�ne abasefunction

f 0(x) = � 1

andthenrecursively de�ne thesetof interpolatingfunctions

f k(x) = f k� 1(x) + ok(x) (k = 1;2; : : : ;M);

wheref k(x) = 0 interpolatesP k. An offsettingfunctionok

ok(x) = å
pk

i 2P k

h
gk

i (x) + l k
i

i
f

s k(kx � pk
i k):

hastheform usedin theprevioussectionfor thesingle-level
interpolation.In particular, local approximationsgk

i (x) are
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level 1 level 2 level 3 level 4 level 5 level6 level 7

Fig. 8. Multi-scale interpolation overview. We use a monk model (60K points) obtained as a laser scanner data.
Top row: multi-scale hierarchy of points where the radii of the spheresat each level k are proportional to s k, the
support size of RBFs used for the interpolation (the actual sizesthe spheresare �v e times larger than that used for
visualization). Middle row: interpolating implicit surfaces polygonized at each level of the hierarchy. Bottom row:
cross-sectionsof the interpolating; the bold black lines correspond to the zero level sets of the functions.

determinedsimilar to (3) via leastsquare�tting appliedto
P k. The shifting coef�cients l k

i arefound by solving the
following systemof linearequations

f k� 1(pk
i ) + ok(pk

i ) = 0: (5)

Similar to thesingle-level interpolationcaseweusethepre-
conditionedbiconjugategradientmethod[31] to determine
l k

i .

Thesupportsizes k is de�ned by

s k+ 1 =
s k

2
; s1 = cL;

whereL is the lengthof a diagonalof the boundingparal-
lelogramandtheparameterc is chosensuchthatanoctant
of the boundingbox is alwayscoveredby a ball of radius
s1 centeredsomewherein the octant. In practicewe use
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c = 0:75.
Finally, the numberof subdivision levels M is deter-

mined by s1 and s0 wheres0 is the supportsize for the
single-level interpolation. According to our experience,
M = d� log2

�
s0=(2s1)

�
eproducesgoodresults.

4 Resultsand Discussion

The developedmethodcanbe appliedto point setsur-
facesconsistingof several hundredsthousandpoints on
standardPCs. All examplespresentedin this paperwere
computedonaPentium4M 1.6GHzPC.

Fig.9presentsresultsof interpolatingandapproximating
a largeandcomplex point setsurface,theStanfordBuddha
model.Theleft imageshows theresultof thecompletein-
terpolationof the original StanfordBuddhadatawhile the
right imagedemonstratesan incomplete�tting procedure:
only (M � 1) levels of the multi-scalehierarchy of point
setswereused. No visual differencebetweenthe left and
right imagesis observed.

Fig.10showsaresultof interpolationof irregularlysam-
pled points. First the right part of the original Igeamesh
was90%decimated,thenall connectivity informationof the
modelwasremoved.Noticethatthesharpdropof thesam-
pling densityproduceno visualartifactsin theimplicit sur-
facereconstructedby ourmethodfrom thecloudof points.

Comparison with FastRBF In Fig.11 we compareour
approachwith theFastRBF method[9]. For thecompari-
sonwe usea freeversionof FastRBFtoolbox,release1.2,
availablefrom [14]. Weusethetoolboxwith the-direct
-accuracy=0.25 optionswhichmeanthataRBFcenter
reductionprocedureis notappliedandapproximationaccu-
racy is equalto 0.25. Accordingto Fig.11, thereis no vi-
sualdifferencein theHandmodelreconstructionby theFast
RBFmethod[9] andourmulti-scale�tting technique.How-
ever our approachworks approximatelyfour times faster
thentheFastRBF method.FastRBFworksapproximately
two times fasterwith the centerreductionprocedurethan
without it for the Handmodel. Our methodis still faster,
moreover it canbeacceleratedif a similar centerreduction
procedureis implemented.Unfortunatelywe wereunable
to testFastRBFon morecomplex modelsbecausethe free
versionof FastRBFhaslimited capabilities.

Visualization To visualizeimplicit surfaceswe polygo-
nizethem.Themodelsdisplayedin Fig.1, Fig.8 andFig.9
werepolygonizedby Bloomenthal's method[5, 6]. Other
modelsconsideredin the paperwere polygonizedby the
dual-contouringmethod[21]. Of course,otherpolygoniza-
tion methodssuchastheMarchingCubes[25] andextended
MarchingCubes[22] canbeused.As apostprocessingstep

Fig. 9. Polygonized implicit surfaces interpolating
(left) and approximating (righ t) the Stanford Buddha
point data (544K points). Nine levels of the point set
hierarchy were generated. The left model was gener-
ated by multi-lev el �tting using all nine levels: com-
putational time is 19.1 min., maximal RAM used is
332 Mb, the model is represented by the sum of 901K
basis functions. The right model was generated us-
ing eight levels only: computational time is 7.5 min.,
maximal RAM used is 198 Mb, the model is repre-
sented by the sum of 362K basis functions.

Fig. 10. Interpolation of irregularly sampled data
(73K points, 38 sec.).
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Fig. 11. To compare our method with FastRBF [9]
we use the Hand model (13,348 points). Left: the
surface is approximating by FastRBF (computational
time is 30 sec., 26,696 RBFs are used to represent
the model). Right: the surface is interpolated by our
method (computational time is 7 sec., the model is
represented by the sum of 18,647basis functions).

we canalsoemploy a methodproposedin [28] in orderto
improve themeshquality.

Extra zero-sets All the modelsconsideredin this paper
exceptonedisplayedin theright imageof Fig.12 werein-
terpolatedand polygonizedby inspectingtheir bounding
boxes and no extra zero level setswere observed. How-
ever, if aninterpolatingpoint setsurfacehasthin parts,ex-
tra zero level-setsmay be generatednear the surface, as
seenin the right imageof Fig.12. Theseextra zerolevel-
setswill not bepolygonizedif a polygonizationprocedure
startsfrom seedpointschosenon theinterpolatedpoint set
surface,see[5] whereanappropriateimplicit surfacepoly-
gonizationprocedurewasdeveloped. However extra zero
level-setsmay be harmful for the booleanoperationswith
implicits. Onepossibleway to solve this problemof extra
zerolevel-setsis to useamoresophisticateddownsampling
procedurerespectingtopologyand/orcomplex geometryof
theinterpolatingpoint setsurface.Somehintsto solve this
problemcanbealsofoundin [30].

Robustnesswith respectto quality of normals. Thenor-
mals of a point set surfaceare either computedduring a
shapeacquisitionprocessor estimateddirectly from the
points. The normalsare more proneto noisethan points

Fig. 12. Interpolation of point set surfacesrepresent-
ing complex topological objects. Left: no extra zero
level-sets are generated. Right: extra zero level-sets
are generated.

themselves. According to our experience,our multiscale
approachis quiterobustwith respectto quality of normals.
In particularit is impliedby asmoothingeffectof thedown-
samplingprocedureweuse.

If thenormalassociatedwith pointpi is zero(sometimes
it happensdue to errorsduring the shapeacquisitionpro-
cess)we cannot decidethelocal shapeorientationat pi . A
commonway to handlesuchcasewithin thestandardRBF
approach[35, 9, 26, 36] consistsof not usingnormalcon-
straintsat pi . Similarly we setgi(x) = 0 if thenormalat pi
is zero.

Fig.13 demonstratesrobustnessof our methodwith re-
spectto thequalityof normals.

Fig. 13. Left: point-rendered rabbit model. Middle:
point-rendered rabbit model with noisy normals, 2%
normals are set to zero. Right: polygonized implicit
model reconstructed from the noisy rabbit by our
multi-scale approach.
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Approximation vs. Inter polation If scattereddata is
noisy, approximationprocedureis preferableover interpo-
lation. This is why in we interpolatea smoothedversion
of the original angeldata,seeFig.2. Boundariesof range
dataareusuallymorecorruptedby noisethaninner parts.
Thusit is reasonableto introducea�delity measureanduse
anapproximationprocedurewhich takesthatmeasureinto
account.

5 Conclusion

Wehavepresentedamuti-scaleapproachto interpolating
point setsurfacesby implicit surfaces.Our methodgener-
ate implicit solids that can be further usedfor morphing,
surfacecarving and other implicit surfaceprocessingop-
erations,as seenin Fig.15. Our contribution is twofold.
Besidesa new schemeto build a hierarchy of 3D scattered
datasetswe have introduceda new typeof compactlysup-
portedbasisfunctions. The interpolationproceduredevel-
opedin the paperdemonstratesa goodperformancewhile
working with irregularly sampledand/orincompletedata.
Using compactlysupportedbasisfunctionsmakesour ap-
proachfasterthanthosebasedon globally supportedbasis
functions.

Fig. 14. Left: a surface and feature points (ridge and
ravine points) detected on it. Middle: only the fea-
ture points are kept. Right: surface reconstruction
from the feature points only.

In the future, we hopeto improve our approachin or-
der to handlelarge point set surfaces(several millions of
points). We hopethat our methodcan be easily adopted
to scattereddataapproximationwhich is importantfor pro-
cessingnoisyscattereddata[12, 9]. Scattereddataapprox-
imation will alsoallow us to usefewer points[39, 9]. We
areplanningto combineourmethodwith featureextraction
procedures[3, 37, 29] in order to adaptit for processing
very incompletedata,seeFig.14 for our �rst stepsin this
direction. Reconstructionof scattereddatawith sharpfea-
tures[11] alsointriguesusin thisarea.

Fig. 15. CSG operations with implicit solids recon-
structed using our approach. Left: torus is subtracted
from bunny. Right: blended dragons.
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