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ORIGINAL ARTICLE

Detection and classification of topological
evolution for linear metamorphosis

Abstract The advantage of
functional methods for shape meta-
morphosis is the automatic generation
of intermediate shapes possible be-
tween the key shapes of different
topology types. However, functional
methods have a serious problem:
shape interpolation is applied with-
out topological information and
thereby the time values of topological
changes are not known. Thus, it is dif-
ficult to identify the time intervals for
key frames of shape metamorphosis
animation that faithfully visualize the
topological evolution. Moreover, in-
formation on the types of topological
changes is missing. To overcome

the problem, we apply topological
analysis to functional linear shape
metamorphosis and classify the type

of topological evolution by using

a Hessian matrix. Our method is
based on Morse theory and analyzes
how the critical points appear. We
classify the detected critical points
into maximum point, minimum point,
and saddle point types. Using the
types of critical points, we can define
the topological information for shape
metamorphosis. We illustrate these
methods using shape metamorphosis
in 2D and 3D spaces.

Keywords Critical point classi-
fication - Morse theory - Shape
metamorphosis - Topological
evolution

1 Introduction

Transformation of one given shape into another is called
metamorphosis or morphing. Shape metamorphosis ani-
mations are widely used in several fields, such as movies,
TV commercials, and games. Metamorphosis brings about
stunning visual effects especially when fopological evolu-
tions are involved.

There are many known techniques of shape metamor-
phosis [6]. Some of them utilize topological information.
For example, Pizzanu et al. [5] proposed a method using
the Reeb graph and contours of input objects. There are
two major types of shape metamorphosis techniques:
polygon-based methods and function-based methods.
A polygon-based method has some problems, such as

establishing correspondence and interpolation. The cor-
respondence defines which point of the initial geometry
corresponds to which point of the target geometry, and
the vertex path (interpolation) defines the way each point
reaches its destination. Hence, it is difficult for polygon-
based methods to apply shape metamorphosis between
key shapes of different topology. The definition of topo-
logical information is required for shape metamorpho-
sis between objects of different topology. The so-called
topological handles are required for defining the topo-
logical information. These handles show how the topology
changes, and appear or vanish before and after the topo-
logical evolution. Therefore, the handles are embedded
when the topology of the polyhedral shapes changes.
The techniques based on topological handles appeared
in [2,9].
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Apart from the topological handle approach, there is
a skeletal implicit surfaces approach: Galin et al. [3] pro-
posed a shape metamorphosis based on Minkowski sums
that supports topological evolution. There is also the func-
tional approach by Turk et al. [10] utilizing radial-basis
functions. Functional methods can generate intermediate
shapes easily even between key shapes of different top-
ology type. However, there is a serious problem in func-
tional methods. The shape interpolation is applied without
defining or using any topological information. As a result,
time values of topological changes cannot be detected.
Therefore, it is difficult to identify the time intervals for
expected key frames of animation, and information on the
types of topological evolution is missing. The simple in-
terpolation between defining functions of the initial shape
and the target shape is advantageous for its simplicity,
and we want to make full use of this. However, as we
have just seen, it has a serious drawback. To overcome this
dilemma, we propose the enhanced functional method be-
low.

Our new technique involves classification and detec-
tion of critical points. We focus on functional shape meta-
morphosis in its simplest form of the linear interpola-
tion between defining functions. In function representa-
tion (FRep), geometric solids are defined by inequalities
F(X) > 0, where F is an explicit real function of point
coordinates X [7]. In addition, we use the R-functions,
which provide analytical definitions of set theoretic oper-
ations [7]. The entire metamorphosis is defined by homo-
topy functions on the closed time interval 7 = [0, 1].

The remainder of this paper is organized as follows.
Section 2 reviews related work on topological analysis and
shape metamorphosis with topological handles. In Sect. 3,
we present a new method of detection and classification of
linear shape metamorphosis based on Morse theory. Sec-
tion 3 also includes a comparison with conventional Morse
theory analysis and the classification of types of topo-
logical evolution. In Sect. 4, several case studies in 2D and
3D spaces are presented. In Sect. 5, we conclude the paper
and discuss future work.

2 Related work
2.1 Topological analysis

There is a variety of techniques for topological analysis.
The best-known method is to calculate the genus of ob-
jects. On the basis of triangulation of the object surface,
one can calculate the Euler characteristic using the number
of vertices V, edges E, and faces F. The Euler character-
istic e(X?) is calculated by

e(X’)=V—E+F,

which is known to be a topological invariant. The number
of handles known as the genus can be obtained as:

_2—e(X?)

Another topology analysis method is based on critical
points, which are defined as the zeros of the gradient of the
local height function f:

VAX) = (fx(X), fy(X), f2(X)),

where fy = % f. The authors of [4, 8] use critical points
of 3D shapes for topological analysis. The procedure for
specific skeleton-based implicit surface models [11] is an
example of the critical points detection. It uses the spa-
tial coherence of the skeleton elements to give a good first
guess for the locations of the critical points.

Then, each critical point is classified according to the
signs of the three eigenvalues /] </, < /3 of the Hessian,
which is defined as the Jacobian of the gradient. If all
three eigenvalues are not zero, the critical point is called
non-degenerate and can be a maximum (peaks), minimum
(pits) or some kind of saddle point. In 3D space, sad-
dle points are classified into 1-saddle points and 2-saddle
points. Table 1 indicates this classification.

Table 1. Classification of critical points based on the signs of eigen-
values of the Hessian

I I3 I3 Critical point type

Maximum point
2-saddle point
1-saddle point

minimum point

— -
- -

+H+

Furthermore, the critical point type and change of the
sign of the function value at the critical point are used for
the classification of types of topological changes in 3D,
as is shown in [8]. Our approach is close to this, but is
oriented towards detection and classification of the criti-
cal points and the time values of topological evolution for
shape metamorphosis.

2.2 Shape metamorphosis with topological handles

There are also methods of topological analysis using Reeb
graphs [1]. The Reeb graph represents the topological
skeleton of an object. Contours of the object together with
the Reeb graph represent the entire 3D object. By using
this method, the metamorphosis can be presented by tran-
sitions between the different topology types. There are
methods of shape metamorphosis that need topological
handles to be introduced between key shapes of different
topology [2,9].
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Pizzanu et al. [2] proposed a method for generation of
the intermediate shapes at the time values of topological
evolution by using the Reeb graph and contours of ob-
jects. The topological changes are defined by the Reeb
graph and the key shapes of the metamorphosis are inter-
polated smoothly via the time values of the topological
changes. The authors of [9] classify possible topological
transitions and show that for two given source and desti-
nation shapes there are several possible types of transition.
Each transition type of surface topology can be controlled
explicitly by introducing an additional key shape, which
bridges the topological difference of two input shapes. In
this method, user intervention is required during the spe-
cification of topological transition and the composition of
the key shapes.

3 Critical point detection and classification

For functional methods, the initial and target shapes of
a shape metamorphosis are first defined and then are inter-
polated by transformation functions, namely by homotopy
functions such as linear interpolation on the closed inter-
val I =[O0, 1].

3.1 Detection of critical points

We discuss two methods for the detection of critical points
and time values called the time values of topological evo-
lution. Both methods are based on Morse theory. The first
one is a conventional Morse analysis and the second one is
our newly proposed augmented Morse function analysis.

3.1.1 Conventional Morse theory analysis

The first method uses conventional Morse theory analysis.
The procedure of this analysis is described below.

1. Define an initial shape and a target shape in an N-
dimensional geometric space.

2. Define a homotopy function for the shape metamor-
phosis in an N + 1-dimensional-space-time.

3. Create the height function from the homotopy function
in an N 4+ 1-dimensional space-time.

4. Detect the critical points of the height function.

5. Detect the critical values when the topology changes.

In the first step, an initial shape and a target shape are de-
fined as the key shapes of a shape metamorphosis. These
key shapes can have different topology types.

In the second step, the N + 1-dimensional (time-
dependent) object is generated by a homotopy function.
The homotopy function is used for generation of an
N + 1-dimensional shape metamorphosis between the
N-dimensional initial fj,;[x1, x2, ..., x,] and the target
shapes fiur[x1, X2, ..., x,], which are defined as FRep
models in the last step. The additional coordinate is

time value, and the intermediate shapes, cross-sections
of N + 1-dimensional shape metamorphosis, can be gen-
erated automatically along the time axis by using the
homotopy function. We define the homotopy function

flx1,x2,...,x,,t] as the following linear homotopy
function in the closed time interval:
f[xl, X2y ooy X, t] = fini[xl’ X2, ey Xp] - (1—10)

+ flar[xly x2a ceey xl’l] : t

In the third step, we create the height function & by ex-
pressing the time variable in terms of point coordinates
ast = h[xy, x2, ..., x,]. The following height function is
defined in N + 1-dimensional space and has N variants.

t=h[x19x29 e ’xn]
_ fini[xl,x2,~- 9xﬂ]
ﬁni[x17x27 LR 7xn]_flar[-xlyx27 o 7-xl’l]

In the next step, we detect the critical points of the height
function. The critical points are special points, where the
gradient of the height function vanishes:

Vh| ] 0 h 0 h i h 0

X1, X2, e Xl =\ —h, —h,..., —h ) =0.
b2 " 0x1  0xp 0xy,

After the detection of the critical points, the final step is
only to assign the coordinate values of the critical points
as the argument of the height function and thus to calcu-
late the critical values for the topological evolution in the
shape metamorphosis.

3.1.2 Augmented Morse analysis

In this section, we present our augmented Morse analy-
sis, which is also based on Morse theory. The proposed
procedure is described below.

1. Define an initial shape and a target shape in an N-
dimensional geometric space.

2. Define a homotopy function for the shape metamor-
phosis in an N + 1-dimensional space-time.

3. Create the height function from the homotopy function
in an N 4+ 2-dimensional space with geometric space,
time, and functional coordinates.

4. Detect critical points and time values of the height
function.

In this method, the first and second steps are the same as
in the conventional Morse analysis. In the third step, we
introduce a different height function in a space-time with
an additional dimension. The height function /% is defined
in an N + 2-dimensional space, and the homotopy func-
tion defining the entire shape metamorphosis is considered
a time-dependent height function:

h= flx1,x2,...

The additional coordinate is a function value.

a-xrh []
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In the last step, we detect the critical points and time
values of topological changes, on the particular function
level. The values of the detected critical points and time
value include the information of the coordinates as to
when and where topological evolution takes place. We fo-
cus on the critical points located on the surface of some
intermediate shapes. Therefore, only analysis of the par-
ticular height level where the height function equals zero
is performed. We keep the zero level and analyze how the
critical points appear at this level in time. Therefore, the
critical points and time values have to satisfy the following
conditions:

0 0 9
—h=—h=...=—h=0
ax1 ax2 0xp

and
h:f[x17-x27"'7-xnat]:07

where t is a time variable and x; are geometric point coor-
dinates.

The condition 2 = 0 is added for analysis of only the
particular height level. Note that this method is simpler
than the method based on conventional Morse theory. The
reason is that the complicated transformations of the ex-
pressions for representing the time as the height function
are not necessary in our method.

3.2 Comparison with the conventional method

In this section, we present a comparison of conventional
Morse analysis and our augmented Morse analysis. In
general, we transform the expression for representing the
height when we create a height function from the meta-
morphosis function. Therefore, it depends on what is re-
garded as a height. Our height function does not depend
on the height axis, however, we add a function value as
a height function value and the function defining entire
shape metamorphosis is considered as a time dependent
height function. In addition, the proposed method can per-
form faster than conventional Morse analysis. We bench-
marked the speed of critical point detection for a typi-
cal shape metamorphosis from a torus fi;[x, y, z] to the
union of two spheres fi, [x, ¥, z] by using the software
Mathematica®. For defining the target shape, the union of
two spheres, we use the R-functions, which provide ana-
lytical definitions of set theoretic operations [7]. The input
data of key shapes of the shape metamorphosis are shown
below, and we apply the linear metamorphosis function to
them as defined earlier.

finilx, . 2= —x* =227 (=1 + (=44 ) - y+77)
— 5+ (=84 - y+) - (~1+y"+27),

farlx, y, 21==2-B+x>+y*+2%)
+\/§-\/x4+(3+y2+z2)2+2x2-(11+y2+z2).

Table 2. The performance of the dual CPU computer used for the
benchmark of the speed of critical point detection

CPU Memory

Intel® (2.40 GHz)

Pentium®4 (2.41 GHz) 512 MB RAM

In addition, we used a dual CPU computer for this esti-
mation. For the reference, the performance of the CPU and
memory used in this test are shown in Table 2.

According to this estimation of the speed of criti-
cal point detection, conventional Morse analysis takes
43.046 s, and our proposed method, the augmented Morse
analysis, takes only 1.062s. In other shape metamorpho-
sis examples, we obtained the same results showing our
proposed method is faster than conventional Morse an-
alysis. The main problem of conventional Morse theory
analysis is that it considers time as a height function and
thus requires complicated transformations for represent-
ing the time variable as a function of other variables (see
Sect. 3.1.1). Since our method considers the linear ho-
motopy function as the time-dependent height function,
such complicated transformations are not necessary (see
Sect. 3.1.2).

3.3 Classification of critical points

After critical points have been detected, we classify them
into different types. The types of critical points are max-
imum point, minimum point, and saddle point types. In
addition, the saddle point is divided into 1-saddle point
and 2-saddle point types in 3D shape metamorphosis. The
classification of a critical point is used for identifying the
type of topological evolution. For the classification of crit-
ical points, we calculate the Hessian H called the stability
matrix in the catastrophe theory.

fxlxl fx]XZ fx]x,,
fxle fxzxz fxzxn
n= : N
fan] fxnx2 fxnxn
82
where fy ,, = o)

Since f, X equals ij x; » the stability matrix is symmet-
ric. Then, let the leading principal minor of the Hessian
be

or)y (r=1,2,...

,n).

We can classify the critical points by using the determinant
of the leading principal minor, det Q(r), without the com-
plex calculations for the evaluation of eigenvalues, when
det Q(r) does not vanish. If one of det Q (r) vanishes, the



Detection and classification of topological evolution for linear metamorphosis

critical point is called degenerate. In this paper, we con-
sider the cases of non-degenerate critical points in 2D and
3D.

The critical point is classified as a saddle point when it
is not a maximum point or a minimum point, and satisfies
the following condition:

det Q(r) #0,

wherer=1,2,...,n.

In addition, as a special case, the saddle point will be
classified further into two types in 3D space. We classify
the saddle points into 2-saddle points or 1-saddle points by
using the sign of det Q(3) in a shape metamorphosis be-
tween 3D key shapes. This is based on the fact that the
product of eigenvalues equals the determinant of the ma-
trix. If det Q(3) is positive, the critical point is classified
as a 2-saddle point. If it is negative, the critical point is
classified as a 1-saddle point.

Next, the critical point is classified as a minimum
point, when it satisfies the following condition:

detQ(r)>0 (r=1,2,...,n).

Finally, the critical point is classified as a maximum point,
when it satisfies the following condition:

(=D)'detQ(r) >0 (r=1,2,...,n).

After the classification of the detected critical points, by
using the type of the critical point and the sign of the func-
tion time derivative at the critical point, we can define
how the topology changes at each critical point during the
shape metamorphosis process. Table 3 shows the classifi-
cation in 3D space by using the sign of the function time
deriva?ive fi= % f . There are eight types of topological
evolution as shown in Table 3. When the sign of f; at the
maximum point is negative, a component disappears and
we call this topological action “destroy”. When the sign of
f: at the maximum point is positive, a component appears
and the number of components increases. This topological
action is called “create”. Next, when the sign of f; at
the 2-saddle point is negative or positive, we call these
topological actions “cut” or “attach/connect”, respectively.
When there are two disjoint components, they are attached
to each other at the 2-saddle point and become a single
component in the “attach/connect” action. When there is
a single component, its two parts are detached from each
other at the 2-saddle point and a hole is created between
them by this topological “cut” action. The action of “cut”
is an inverse of “attach/connect”. When the sign of f; at
the 1-saddle point is negative, we call this topological ac-
tion “pierce” and a hole is pierced in a component. When
the sign of f; at 1-saddle point is positive, a hole is filled
and we call this action “spackle”. When the sign of f; at
the minimum point is negative, a “pocket of air” is gener-
ated inside a component and this action is called “bubble”.

Table 3. Correspondence between the type of critical point, sign of
fi, and action type of topological evolution

Critical point type Sign of f; Action type
Maximum point - destroy
Maximum point + create

2-saddle point - cut
2-saddle point + attach/connect
1-saddle point - pierce
1-saddle point + spackle
Minimum point - bubble
Minimum point + burst

The sign of the function time derivative of the height function affect
the topology at the detected critical point.

Finally, when the sign of f; at the minimum point is posi-
tive, an air bubble within a component is burst. The shape
topology changes after all these topological actions. Some
of the topological changes, such as “destroy” and “create”,
when a component disappears or appears, are considered
not intuitive in animation and may indicate that the meta-
morphosis model has to be modified or changed to exclude
these effects.

4 Case studies in 2D and 3D

In this section, we describe case studies in 2D and 3D
spaces. Two 2D examples of shape metamorphosis are
described in Sect. 4.1 Then, a 3D example of shape meta-
morphosis from union of two tori to a sphere is described
in Sect. 4.2. All symbolic computations and illustrations
of 2D and 3D examples are made using the Mathematica®
software and HyperFun applet, respectively.

4.1 Examples in 2D

We use the function representation (FRep), which is a gen-
eralization of implicit surfaces, for modeling each shape.
Therefore, we can apply our method to shape metamor-
phosis defined by a real function of point coordinates in
space-time. A shape metamorphosis from a union of three
disks to asingle ring is defined by algebraic real func-
tions, and from a union of two rings to a single ring it is
defined by FRep using R-functions in Sect. 4.1.1 and in
Sect. 4.1.2, respectively.

4.1.1 Analysis of implicit curves metamorphosis

Here, we consider a shape metamorphosis from three
disks to aring defined by algebraic functions as a gen-
eral case. In the first step, we define the initial and tar-
get shapes. The initial shape is composed of three disks
whose central points are (—1, 4), (3, —1), and (3, 3), re-
spectively. Then, the target shape is a ring whose central
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point is (0, 0). Let the three disks and aring be named
disk[x, y], disko[x, y], disk3[x, y], and ring[x, y]. The ini-
tial fini[x, y] and target fi,[x, y] shapes are described
below:

Sinilx, y1 =diski[x, y]-diskz[x, y]- disk3[x, y],
Jrarlx, y1 = ring[x, y]
= —64420x> —x*+ 20y2 - 2xzy2 - y4,

where diski[x, y] =1 — (x +1)? — (y —4)?, disky[x, y] =
1—(x=3)2—(y+ 12, and disk3[x, y]=1— (x —3)* —
(y—3)2

The key shapes, the initial and target shapes, are shown
in Fig. 1.

We define the linear homotopy function fi[x, y, ¢] for
the shape metamorphosis between these two key shapes
in the next step. Then, we create a 4D height function
h; from the homotopy function and apply our method of
critical points detection. The critical points satisfy the fol-
lowing conditions:

0 0
—hi=—h; =0
ox ay

and

hi= filx, y,11=0.
The detected results are as follows:

(2.92938, 0.856053, 0.857969),
(0.736903, 3.14850, 0.871321), ¢ .

(x,y,)= {
(—2.02914, —1.84565, 0.99927)

The intermediate shapes are shown in Fig. 2 at the crit-
ical time values. The intermediate shapes are shown in

Fig. 2a—c at the critical time values with the time equal to
0.8579699, 0.871321 and 0.999270 respectively.

In the next step, we classify these critical points. All
critical points of this shape metamorphosis are classified
as saddle points. The Hessian Hy, H, and H3 and each
det Q(r) are described as follows:

- [ —99.095 —21.4535]
1= | —21.4535  68.1019 |
det 0(2) = —7208.816 < 0,
- [ 42,5293  —45.9167]
2= | —45.9167  —95.6079 |
det 0(2) = —6161.73 < 0,
He— [—35.6525 —39.5309]
3= 1-39.5309 —29.0481 |

_det 0(2) = —527.054 < 0.

Next, for identifying the type of topological evolution,
we assign the detected critical point values to the func-
tion time derivative. Each time derivative of the homotopy
function at the critical points is shown below:

S1:12.92937, 0.856053, 0.857968] = 250.153 > 0,
J1:10.736903, 3.14849, 0.871321] = 278.150 > 0,
Jf1:1—2.02913, —1.84564, 0.999270] = 40924.0 > 0.

According to these results, all critical points are clas-
sified as saddle points and the signs of the function
time derivative are positive. Hence, all topological ac-
tions of this shape metamorphosis are classified as the
“attach/connect” type of topological evolution. We can
recognize that each disjoint component attaches to one
another at each topological evolution time and finally be-
come one component.

6 6
2 O
0 0
. O |
-4 -4
) . . . | -6
a -6 -4 -2 0 2 4 6 b -6 -4 -2 0 2 4 6

Fig. 1a,b. Initial shape a and target shape b of different topology types. a Union of three disks defined by using implicit curves.

b Ring defined by using an implicit curve.
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6
6 6
4
4 4
2 2 5
0 0 0
-2 -2 -2
-4 —4
—4
-6 6
-6
a -6 -4 -2 0 2 4 6b -6 -4 -2 0 2 4 6 € 6 -4 -2 0 2 4 6

Fig. 2a—c. Intermediate shapes at the critical time values. a Three disjoint components become two disjoint components at the first topo-
logical evolution event. b Two disjoint components become one component at the second topological evolution event. ¢ Both ends of the
shape are attached and a hole is generated at the third topological evolution event

4.1.2 Analysis of linear FRep metamorphosis

In the previous example, the initial shape is described by
pure analytical function:

disk[x, y]-disko[x, y] - disks[x, y].

However, since we need to use constructive techniques for
the union, we use more general constructive FRep solid
based R-functions [1] in this section.

Now, we consider 2D shape metamorphosis from
a union of two rings to a single ring. In this metamorpho-
sis, the initial shape and the target shape are defined by
real functions fi,;[x, y] and fi,[x, y]. The initial shape,
the union of two rings, is exactly defined by applying the
R-function. The initial shape is the union of the ring cen-
tered at (0, 3) and the one centered at (0, —3), and the
target shape is the ring ring[x, y] used in Sect. 4.1.1. These
equations of the key shapes are described below:

finilx, Y1 =70—68y* =2 (x* + y* +-2x% - (=1 + y?))
(=35 —2x2+x%)?
+4- (=559 — 141x% 4+ 51x* +x6) - y2
+6-(1334+70x2+x*) - y* ’
+4- (5342730 48

+2.

Jrarlx, 1 = ring[x, y].

In the next step, we define the linear homotopy function
folx, v, t] for the shape metamorphosis between these two
key shapes:

f2[x’ ) t]= fini[x’ )’](1 _t)‘f'ftar[x: )’]f,

where ¢ is an additional time coordinate.
Then, we create a 4D height function /> from the ho-
motopy function and apply our method of critical points

detection. The critical points satisfy the following condi-
tions:
a

0
—hy=—h,=0
0x ay

and

hy = folx, y,t]1=0.

After the detection, the exclusion of irrelevant points is
performed. The results of this method are as follows:

(0, 5.67063, 0.057726),
(0, —5.67063, 0.057726),
(0, 3.19789, 0.627786),
(0, —3.19789, 0.627786),
(0,0, 0.651221)

(x,y,0=

The ¢ coordinate values of critical points are the time
values when the topology changes. Other values of criti-
cal points are the geometric point coordinates where the
topological evolutions take place. The entire shape meta-
morphosis for this example is illustrated in Fig. 3. The
shapes shown in Fig. 3(b), (e) and (f) are the intermedi-
ate shapes at the critical time values equal to 0.057726,
0.627786, and 0.651221, respectively. Figure 3(c), (d) and
(g) are intermediate shapes at t = (0.1425, r = 0.342 and
t = 0.75 in this shape metamorphosis, respectively.

Then, we classify the detected critical points. We ob-
tain the same Hessian and the classification results at
the first and second critical points. The Hessians H; and
det Q(r) at the first critical point are described as follows:

o, — 575885 0
1= 0 —63.1667 |

det Q(2) = —363.769 < 0.
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75¢ 7.5 7.5
5t 5 5
25¢ 25 25
or 0 0
25+t 25 25
5[ _5 -5
-7.5 75 —7.5
a -75 -5 -25 0 2.5 5 75 b -75 -5 -25 0 25 5 75 ¢ -75 -5 -25 0 2.5 5 7.5
7.5 7.5 7.5
5 5 5
25 2.5 25
0 0 0
25 25 —2.5
-5 -5 -5
—7.5 -7.5 -7.5
d 75 -5 -5 0 2.5 5 75 € -75 -5 25 0 25 5 75 f 75 -5 -25 0 2.5 5 7.5
7.5 7.5
5 5[
25 25¢
0 of
-2.5 -25¢
-5 5[
-7.5 —7.5
g -75 5 -25 0 25 5 75 h -75 -5 25 0 25 5 7.5

Fig. 3a-h. The sequence of shape metamorphosis from the union of two rings a to a ring h, where b, e and f are intermediate shapes
at the detected critical time moments. The initial shape is transformed into a ring via three topological evolutions. In b and e, the two
topological evolutions take place at the critical points at each time moment

Therefore, the first and second critical points are clas-
sified as asaddle point. The “cut” actions take place
at these critical points, since the function time deriva-
tives f>; are negative. Similarly to the previous criti-
cal points, we apply our classification to the third and
forth critical points. We also obtain the same Hes-
sian and the classification results. The Hessian H, and

det Q(r) at the third critical point are described as fol-

lows:

|

12.9087
0

0
—36.8840

det Q(2) = —476.126 < 0.

Ik
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Therefore, the third and forth critical points are clas-
sified as saddle points. The “attach/connect” actions take
place at these critical points, since the function time
derivatives f; are positive. At the last critical point, we
obtain the Hessian H3 and det Q (r) described as follows:

. 308121 0
3= 0 —52.8965 |’

det 0(2) = —1629.85 < 0.

Therefore, the last critical point is classified as a sad-
dle point. The “cut” action takes place at this critical point
since the function time derivative f; is negative. Now,
we can recognize this metamorphosis as a shape meta-
morphosis from the union of two rings to a ring with the
topological evolution of “cut” and “attach”.

4.2 Example in 3D

In this section, we consider the shape metamorphosis
from the union of the two-tori fi,;;[x, y, z] to a sphere
fiarlx, ¥, z], and the initial shape is composed with the
torus[x, y, z] and foruss[x, y, z] primitives as an FRep
model based on the R-function:

Sinilx, y, zl =torusi[x, y, z] +torusz[x, y, z]

+ \/torusl [x, y, 7] + torus[x, y, z)?
and
farlx, y.21=22 —(x =2)* —y* = 2%,

where forusi[x, y,z] = 15 — 8x3 — x* — 14y2 +272—
8x(»?+ 22— 1) — (¥ +20)?—-2x2(»*+22+7) and
torusa[x, y, z] = 15+ 8x3 — x* — 14y? + 222 + 8x(»> +
2= =0+ =222+ 22 +7).

Similarly to the previous 2D example, we also use the
R-function for the union of initial shape. The initial and
target shapes are shown in Fig. 4.

Fig.4a,b. The initial shape a and the target shape b of different
topology types

In the next step, we create the four-dimensional ho-
motopy linear function f3[x, y, z, t] with an added time
coordinate. Then, we create a 5D height function &3 from
the homotopy function and apply our method of critical
points detection. The critical points satisfy the following
conditions:

a d

h3=—h3=0

0
—hy =
ox ay 0z

and

h3z = f3lx,y,z,t]=0.

After detection, the exclusion of irrelevant points is
performed by using a closed time interval / = [0, 1]. The
detected critical points are described as follows:

( f)= (—4.07456, 0, 0, 0.322143),
B YL D=1(2.04132,0,0,0.683251) |

We obtain two critical points and we can recognize
that the topological evolution takes place twice in this
shape metamorphosis. The intermediate shapes at the crit-
ical points shown in Fig. 5a-b are the intermediated shapes
at the time values, 0.322143 and 0.683251, respectively.

In the next step, we consider the classification of the
detected critical points. We create the Hessian H; with
the assigned first critical point coordinate values, det O (r),
and the function time derivative at the critical point as
shown below:

—22.4358 0 0
H1:|: 0 —20.7677 0 }

0 0 1.26227
det Q(2) =465.941 > 0,
det Q(3) =588.124 > 0,
Sf3:[—4.07456, 0, 0, 0.322143] = —48.5358 < 0.

Since det Q(1) is negative, and det Q(2) and det Q(3)
are positive, the first critical point is classified as a 2-
saddle point. Moreover, the sign of the function time
derivative at the first critical point is negative. Hence, the
topological action “cut” takes place at the time value of the
first topological evolution. Similarly, we create the Hes-
sian H, with the assigned second critical point coordinate
values, det Q(r), and the function time derivative at the
critical point as shown below:

4.94817 0 0
H) = |: 0 —4.94455 0 i| ,

0 0 4.41628
det Q(2) = —24.4665 < 0,
det Q(3) = —108.051 < O,
f3:[2.04132, 0, 0, 0.683251] = 12.6229 > 0.
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Fig.5a,b. The intermediate shapes at the critical time moments
made by the HyperFun software. a The genus changes at the first
topological evolution event. b A hole is spackled at the second
topological evolution event

Since det Q(1) is positive, and det Q(2) and det Q(3)
are negative, the first critical point is classified as a 1-
saddle point. Moreover, the sign of the function time
derivative at the second critical point is positive. Hence,
the topological action “spackle” takes place at the time
value of the second topological evolution.

5 Conclusion

In this paper, we presented a method of detection and
classification of critical points where topological evolu-
tion takes place. In general, for functional shape meta-
morphosis animation, animators set the parameters of the
function of the shape metamorphosis if they detect an
unwanted effect. Some of the topological changes, es-
pecially “destroy” and “create”, when a separate shape
component disappears or appears, are considered not in-
tuitive in animation and may indicate the necessity to
improve or completely change the metamorphosis model
to eliminate the detected unwanted effects. In addition,
animators identify the time interval of key frames tak-

ing topological evolution into account. Although these
procedures depend on the experiences of animators, our
method can help solve the problems and can reduce labor
hours.

By the detection of critical points and time values, we
can recognize when and where topological evolution takes
place. For functional shape metamorphosis animation, we
can identify the time interval of special interest at the
time values of topological evolution. The detected critical
points can also be used for ease-in and ease-out effects in
generation of intermediate shapes at critical time values
of animation. In addition, we can identify the view pos-
ition of the camera based on the critical point during the
metamorphosis process.

The proposed method does not depend on the height
axis, and complicated transformations of expressions for
representing time as a height function are not necessary
in our method in contrast with conventional Morse an-
alysis. Moreover, we can identify the type of topological
evolution by the detected critical point classification and
the sign of the function time derivative value at the crit-
ical point. We can confirm how an initial shape changes
into a target shape via topological evolutions without vi-
sual checking of the calculated metamorphosis animation
or some of its frames.

In this paper, we used the linear homotopy function
for shape metamorphosis. Usually, some unwanted effects
take place in linear shape metamorphosis, because there
is the serious limitation that key shape models have to
significantly overlap. Then, we need to change the pos-
itions of the key shape models to avoid the unwanted
effects recognized by our method of classification of the
type of topological evolution. Alternatively, we can use
non-linear shape metamorphosis instead of linear shape
metamorphosis. The proposed method can also be used
for the analysis of non-linear shape metamorphosis in-
stead. The difference is only to use some non-linear func-
tion for homotopy description for the shape metamor-
phosis. We will apply our method to analyze non-linear
shape metamorphosis and this will be a subject of future
work.
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