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Abstract

We explore a general extended space mapping as a framework for
transforming a hypersurface in the coordinate-function space with
the following projection onto the geometric coordinate space to
get the resulting implicit surface. Bézier patches and volumes
alow for the interactive modeling of complex shapes. We use
them to define geometric solids with the function representation
(F-rep) in 2D and 3D space respectively. The positions of the
control points in the coordinate-function space are both used to
manipulate function values and to define space transformations.
Because Bézier primitives are parametrically defined, it is very
difficult to control their behavior outside of the domain of interest.
Hence, we apply functional clipping to make the function positive
only inside the domain. If the control points are moved in the
coordinate space, we apply an extended Bézier clipping for the
inverse mapping. We present an interactive modeler for Bézier
patches and volumes with which we are able to design complex
2D/3D F-rep objects.

CR Categories and Subject Descriptors. [Computer Graphics]:
Computational Geometry and Object Modeling — Curve, Surface,
and Object Representations.

Additional Keywords. Shape Modeling — Implicit Surfaces —
F-rep — Extended Space — Space Mapping — Function Mapping —
Interactivity.

1: Laboratory of Shape Modeling
University of Aizu, Aizu-Wakamatsu City,
Fukushima Prefecture 965-8580, Japan

{ pasko,savchen} @u-aizu.ac.jp

2: Université de Rouen, Facultés des Sciences
IUP Génie Mathématiques et Informatique

76 000 Rouen France
schmitt_benjamin@hotmail.com

Implicitt @urfaces'99, Eurographics ACM
SIGGRAPH Workshop (Bordeaux, France,
September 13-15 1999), J.Hughes and C. Schlick
(Eds.), pp. 25-31.

1 INTRODUCTION

Different ways exist for representing complex shapes. Parametric
representations of curves and surfaces are the most common ones
in geometric modeling and computer graphics. Another way to
represent solids is to use implicit surfaces. Usualy, the set of
primitive implicit shapes is restricted by quadrics, tori,
superquadratics, and skeleton-based models. To model a complex
irregular shape with skeleton-based implicits, one should usually
use many skeleton primitives. In this paper, we propose to model
a complex shape with only one primitive. We define primitive
solids by mixing two representations. parametric and implicit
surfaces. One of the main advantages of the first is that it leads to
a design paradigm based on a control-point array, and the second
allows the use of multiple geometric operations[2,6].

We choose Bézier patches and volumes as parametric
functions because of the simplicity of calculation. We use them to
define geometric solids in 2D and 3D spaces respectively. This
approach has aready been applied to construct piecewise
agebraic surfaces [8,9,10] and thick free-form shells [4]. In
contrast, we wish to use them in functionally based constructive
modeling. The positions of the control points in the coordinate-
function space are both used to manipulate function values and to
define space transformations. In this sense, the proposed
technique falls into the category of a genera extended space
mapping. Because Bézier primitives are parametrically defined, it
is very difficult to control their behavior outside of the domain of
interest. Hence, we apply functional clipping to make the function
positive only inside the domain. It is implemented using R-
function based set-theoretic intersection with the unit square/cube.
This turns the modeled object into the function representation (F-
rep) rather than a traditional implicit surface [6]. We then define
an inverse mapping to establish a correspondence between the
coordinate space and the parameter space. If the control points are
placed in the rectangular grid, thisisjust a scaling operation, but
if the control points are moved in space, we apply non-linear
mapping using volume splines and Bézier clipping. We present an
interactive modeler for Bézier patches and volumes with which
we are able to design complex 2D/3D F-rep objects.

2 EXTENDED SPACE MAPPING

A space mapping establishes a one-to-one correspondence
between points of a given space and, if applied to some point set
in the space, it changes this set to a different one. A mapping can
be defined by the functional dependence between the new and old
coordinates of points.
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Figure 1: Transforming a 1D segment AB into A'B' by applying
extended space mapping to acurve S defined as x = f(x).

Here, we discuss the example illustrated by Fig.l. The
intention is to model a 1D geometric object (a line segment AB)
on the x-axis, and then to transform it to A’B’. Let usintroduce a
function of one variable x = f(x). It defines the segment AB as
f(x) 2 0. At the same time, it defines a curve Sin the (X, x) plane.
We call this plane an extended space, because it has a geometric
coordinate and an additional function coordinate. The segment
AB can be also considered as a projection of the part of the curve
S, which is above the x-axis. Now, let us trandate the curve S to
S asit is shown in Fig. 1. By doing this, we map the extended

space (X, x) onto itself and thus define an extended space mapping.

Now, the segment A’B’ can be also considered as the projection
of the part of the curve S', which is above the x-axis. Therefore,
we transformed AB to A’B’ with the single extended space
mapping. Note that, to obtain this transformation with mappings
of the x coordinate only, one has to think of some composition of
1D trandation and scaling. We introduced the general definition
of extended space mappingsin [2]. A short formal introduction to
it can befound in the Appendix.

The curve Sin Fig. 1 can be defined parametrically. Then, by
moving its control points vertically (function mapping) and
horizontally (space mapping) one can introduce different
extended space mappings and correspondingly transform the
segment AB (even can break it into two or more segments!). The
subject of this paper isto introduce and implement extended space
mappings for modeling 2D and 3D objects with Bézier patches
and volumes.

3 BEZIER SOLIDS

We consider a definition of a closed subset of n-dimensional
Euclidean space E" by the inequality f(X;,X,,...,.X,) % 0, wherefisa
real continuous function on E". We call f the defining function.
The above inequdlity is the function representation (F-rep) of a
geometric solid. It alows for the following definition of n-
dimensional solid in E" space:

f(X) > O for pointsinside the salid,

f(X) = O for points on the solid' s boundary (an implicit

curvein 2D and an implicit surfacein 3D),

f(X) < O for points outside the solid,
where X = (X3,%,...,X,) isapoint of E".

3.1 Parametric Bézier Patches
and Volumes

A Bézier patch Su,v) isdefined as follows:
Suv)=a a BB (VR -

i=0 j=0
where P;; are 3-dimensional points, called control points and

B (i=0..n) are Bernstein basis functions, defined by
B'(t) :?‘:?(1- e
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Similarly, aBézier volumeis defined as follows:

I m n
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where Py are 4-dimensional pointsin this case.

3.2 F-rep with Bézier Patches
and Volumes

Here, we follow the definitions of F-rep solids using parametric
patches and volumes given in [1]. To define a 2D solid by
f(x,y) 2 0inthedomain {(x)y) : 0 £(xy) £ 1}, we assume that the
x and y coordinates of S(u,v) are S (u,v) and S'(u,v) and can be
expressed asfollows:
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Then, the z-coordinate of Su,v), S(u,v), can be used to
define a 2D solid as f(xy) = S(u,v). A Bézier patch and its
corresponding 2D solid are shown in Fig. 2. We can gpply a
function mapping to the 2D solid by moving control points of the
patch vertically and thus changing function values.

=u J
n

f(x,y)? 0

Figure 2: A Bézier patch and a corresponding 2D solid.



Similarly, to define a 3D solid f(x,y,z2) ¢ 0 in the domain
{(xy,2 : 0 £x,y,z £1}, weassume that the x, y and z coordinates
of Su,v,w), S'(u,v), ¥(u,v) and S(u,v), are:

| m n
S‘uvyw) =8 a a Bil(U)BJm(V)BQ(W)Rj)li =u
i=0 j=0k=0
y oI Y | m n y
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where Puk |’Pijk mand PIJ =

The x coordinate of S(u,v,w), S{u,v,w), isthen used to definea
3D solid asfollows:
f(xy,2) = S{(u,v,w).
We can modify the 3D solid by changing the x coordinate (the
function value) in control points of the volume.

3.3 Functional Clipping and
Inverse Mapping

At this stage, we are able to define a Bézier solid. Nevertheess,
the behavior of the parametric function outside the domain is
difficult to control and the shape of the domain, i.e., the unit
square or the unit cube, is too restrictive. Hence, we use a
functiona clipping and then an inverse mapping to overcome
these two undesirable properties.

3.3.1 Functional Clipping

Fig. 3 shows aBézier patch and its corresponding 2D solid, which
is bounded by the intersection curve (contour) of the patch with
the plane f = 0. The patch was constructed to produce only one
closed implicit curvein the unit-square. Asit can be observed, the
behavior of the parametric function outside the domain
contradicts the reguirement of negative values of a defining
function for points outside the defined object. It results in
undesirable (“ghost”) zero-valued contours outside the unit square.

Figure 3: Bézier patch and 2D solid without functional clipping.

Let S(u,v) be a function defining a parametric patch where
Su,v) = S(u,v). Consider the intersection between the unit-square
and the 2D solid defined by this function:

Suiip (U,V) = S(U,V) & Fg(u,V)
where Fy(u,v) = Fy(u) & Fy(Vv) is a defining function of the unit-
square with F, defining the unit strip by each variable:
Fo(®=(@-0t,

and & isthe symbol of theintersection operation defined with the
R-function [6,7] as:

G=01&0y=01+0s- 07 +95 .

Theresult of this procedureisillustrated by Fig. 4 (using the same
patch as in Fig. 3). The defining function is negative outside the
domain, and the desirable 2D solid is unchanged.

Figure 4: 2D Bézier solid after the functional clipping.

The same procedure has to be applied in the 3D case:

Selip (U, v, W) = S(u, v, W) & Fg(u,v,w)
where Fg(u,v,w) =R, (u) & Ry (V) & Fy(W) is the unit cube.
Functional clipping allows us to define closed solids as shown in
Fig. 5. We did not apply functional clipping to the volume on the
left. Its boundary is not a closed surface in the domain. Whereas,
with the volume on the right, functional clipping was applied, and
the 3D solid aswell asits boundary are clearly defined.

Figure 5: Surfaces of 3D Bézier solidsin the unit cube. The left one
without functional clipping, the right one with functional clipping.

In our implementation, the procedures defining parametric
patches and volumes encapsulate the introduced functional
clipping. Once a solid is modeled, this alows us to apply any
operation provided by a F-rep modeler to it.

3.3.2 Inverse Mapping

Here, using a 2D solid as an example, we deal with the
transformation of the domain of a function f(x,y) defined by a
parametric function S(u,v). The transformation of the domain
means that although the domain of Su,v) remains a unit square,
we will change the range of { x(u,v),y(u,v) } from a unit square to
some other region. The extension of this method to higher
dimensional cases is straightforward. Although the domain
becomes complicated, it is easy to perform functional clipping
operations in the parameter space after an inverse mapping from
(xy) to (u,v).

Arbitrary values can be specified for the x and y coordinates
of each control point, thus we can define a generaly shaped
domain bounded by four Bézier curves. Fig. 6 shows an example



of the transformation of the domain as explained above. Two
control points are trandated in the (x,y) plane without changing
their z values from the original patch. Thisis one more method of
deforming a 2D solid instead of changing its z values.

fézier patch, static control points

ved control points

Figure 6: 2D space mapping defined by translation of
two control pointsin the (x,y) plane.

In order to get the values of the parameters (u,v) at a given
point (Xo,Yo), We have to calculate an intersection point between a
patch Su,v) and a straight line parallel to z-axis passing through a
point (Xo,Y0,0). In other words, we have to apply an inverse space
mapping to the point (Xo,Yo). Several methods are available to
calculate the intersection between a Bézier patch and a straight
line, like the Bézier clipping method proposed in [3]. The problem
with using this method is that it does not provide for any mapping
for points outside the domain, and for points inside the domain, it
works too dowly. We use an inverse mapping, that is a
combination of an approximate inverse mapping and the Bézier
clipping. The procedureis asfollows:

1. Apply the approximate inverse mapping to the given point
(Xa,Yo)- This mapping uses the scattered data interpolation by
the volume spline based on Green’s function [2]. In the 2D
casethisiswell known asthethin plate spline. We apply this
spline to interpolate the displacement values of any given
point.

2. If theresulting point (u,v) of the previous step lies inside the
unit square, define a bounding box for it and apply Bézier
clipping.

This procedure provides an inverse mapping for any point,
and is faster than pure Bézier clipping for the same given
accuracy. If the control points are moved so that the grid looses its
regularity, the inverse mapping still works but the results are less
intuitive.

4 INTERACTIVE MODELING

4.1 Visual Representation of
Control Points

For the Beézier patch, the B and B’ coordinates of the control

points define a grid belonging to the (x,y) plane. By changing the
value of the scaar By, the function f(x,y) values and the zero-

valued contour are changed. Because B/ is the z-coordinate of a

control point, it is possible to use the traditional visua
representation of the patch and the control points as shown in Fig.
6, and to displace the control points aong the z-axis.

In order to represent 4D control points of the Bézier volume,
we introduced the color scale shown in Fig.7. Fig. 8 presents an

example of a 3D grid defined by the By, Ry and By coordinates
of the volume control points. Each control point is represented by

asphere, and the color is defined by the value of the x coordinate.

A

x>0

x<0

Figure 7: Color scale for the x coordinate of control points
of the Bézier volume.

x>>0 x>0

X <0 x=0

Figure 8: 3D grid of colored control points of a Bézier volume.
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Figure 9: Interactive modeling of a 2D solid.

Figure 10: Screenshot of the Bézier solid modeler. Design of afish shape with only one primitive.



4.2 Modeling Interface

We have implemented an interactive modeler using Tcl/Tk for the
interface and MAM/VRS [11] for graphics. In this section we
illustrate main festures of the modeler.

4.2.1 Modeling 2D Solids with Bézier Patches

Fig. 9 shows several steps of modeling a smple 2D solid. On the
left side, the grid of control points (3" 3), the planef = 0, and the
Bézier patch are presented. The color of the Bézier patch reflects
the function values in accordance with the color scale (Fig. 7).
First, the z coordinate of one of the control points is changed to a
negative value by simply dragging the sphere along the cylinder
paralld to the z-axis. Next, at the end of the second step, the four
control points at the corners have negative vaues, and finally, the
central point is pulled up with its z coordinate changed to a
positive value. A zero-valued contour, the boundary of the 2D
solid, appears on the right side. The other way to deform the 2D
solid is to move control pointsin the (x,y) plane asit is shown in
Fig. 6. In this way, changes to both components of the extended
space mapping, namely the function mapping and the space
mapping, are supported by the interface.

4.2.2 Modeling 3D Solids with Bézier Volumes

Fig. 10 presents the interface used to model 3D solids with Bézier
volumes. In this modeling interface for Bézier volumes, the user
can sdlect a volume cross-section (upper area), directly change
function values and corresponding colors of the controls pointsin
the 3D grid (lower I€ft area), and visually control the surface of
the solid (lower right areq). First, we select a plane in one of the
three orthogonal directionsin the 3D grid of control points. Then,
we are able to work with this selected cross section, and define a
2D solid using the Bézier patch interface. After repeating this
process, we can then render the polygonized surface of the 3D
solid using the algorithm described in [5]. In the lower |€&ft area,
we can aso directly move control points in the 3D space to
perform the space mapping and change function values to perform
function mappings.

Figure 11: A set of zero-valued contours and a
corresponding surface of a 3D solid modeled with a Bézier
volume.

Fig. 11 shows a set of zero-valued contours for a 555
control point volume. Each contour was modified by changing the
fourth coordinate x of the control points. This set gives a good
idea of the resulting 3D solid, as the polygonized surface on the
right shows. The contours are updated by the system in real time,
so the user can request repolygonization of the surface after some
significant changes have been made.

Figure 12: A Bézier zoo: a set of 3D solids modeled using Bézier volumes.

4.3 Interactivity and Examples

Is our modeler completely interactive? Working with a patch or a
volume defined by less than 10 control points on each axis, and
without using a space mapping, the answer is yes. In this case
there is no delay between the modifications being made and the
visibleresult. Updates to the Bézier patch and zero-valued contour
aredonein rea time. Polygonization is still too slow to be donein
real time. It takes 3 sec to polygonize the surface for the 55 5
control point volume with 20" 20" 20 polygonization grid on a 400
MHz Pentium Il computer. If the number of control points grows
to become greater than 10, or if a space mapping is applied, real
time visualization becomesimpossible.

Before the implementation of this software, we wondered if it
was possible to implement an intuitive modeler, because the
modeling techniques we use differ from standard modeling
techniques. Our experience shows that the proposed modeing
paradigm is quite intuitive, and using it to design complex solids
becomes easy. We have produced many shapes using our modeler
(see Fig. 12). Note that each shape in this zoo is defined by a
single primitive. It would require many skeletal € ements, or many
solid primitives as well as blending set operations to model each
of these solids in the traditional manner.



5 CONCLUSION

We have developed a new technique of modeling F-rep solids
using parametrically defined free-form patches and volumes.
Even though the function representation for geometric solids is
widely used, there are difficulties with interactive modification of
F-rep solids. In order to overcome these difficulties, we use
parametrically defined patches and volumes with functional
clipping and the combination of the non-linear inverse mapping
and Bézier clipping. An extension of this approach would be to
use a piecewise mode with severa patches or volumes tied
together. In this case a grid of unit squares/cubes is involved and
functiona clipping has not to be applied at the shared edges/faces.
We implemented an interactive modeling tool based on the
proposed solutions. We extended the F-rep library of the
HyperFun language [12] with Bézier solids. Our interactive tool
generates the corresponding source code of the moded in
HyperFun. In this way, Bézier solids can be used to modd
complex F-rep objects along with other primitives and operations
such as set-theoretic, blending, metamorphosis and others[2,6].

APPENDIX. EXTENDED SPACE MAPPING

Here, we provide definitions for both extended space and
extended space mappings introduced in [2]. Consider a n+1-
dimensional Euclidean space E™* and a hypersurface Sdefined in
it by areal continuous explicit function of n variables:

X = f(X11X21'-'1Xn)! (1)
where P, = (X3,%,...X,) iS @ point in the subspace E", and
Pre1= (X1, X,...%n,X) is apoint in E™. The major requirement for
the function f is to have at least C° continuity. The intersection of
the given hypersurface with the half space x ¢ 0 and the
projection of the result dong the x axis onto E" define the point
et

G={Py P/ Sx30}. %)

Equations 1 and 2 together are equivalent to the more
common definition G = { P f(Xy,%,....%,) ¢ 0} used in implicit
and F-rep modeling, but (1) and (2) fit the formulation of the
extended space mapping better. We consider G to be a geometric
object defined in the n-dimensional Euclidean space E". The space
E™? can be called an extended space and can be constructed from
E" by adding one more dimension with the x coordinate. A subset
of G with x = 0 is usualy caled an implicit surface or an
isosurface. In [2] we introduced a general framework for
transforming geometric objects in E" with the use of extended
space mappings £:E™ E™! applied to the hypersurfaces (1) in
EM

Let an extended space mapping be formulated as follows:

Prs1 =F (P41
where Pn; = (xX) is an origina point in E™' with
X = (X, X2,.. %), and P,;J,l = (X,X) is a point resulting from the
mapping F(X,X) = (f1, f2). The transformed geometric object
from (2) is described by the system of equations:

IX'=F1(%X)

1= (%) ®

=1
There are two components of the extended space mapping: the
first equation of (3) defines a space mapping, and the second

defines a function mapping. The problem is to find the explicit
description of the transformed object in the form:

X =f(x),
which does not follow directly from the equations (3). For a given
X', eguations (3) turn into a system of n+2 equations with n+2
variables, x, x, X. Although one can find the value of X by
solving this system numericaly for any given point X, it is not
applicable in practice. We discussed in [2] severa types of the
extended space mapping for which the function X = f(x') can be
restored analyticaly.
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