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ABSTRACT 
The paper presents an approach to modeling heterogeneous 
objects as multidimensional point sets with multiple attributes 
(hypervolumes). A theoretical framework is based on a hybrid 
model of hypervolumes combining a cellular representation and a 
constructive representation using real-valued functions. This 
model allows for independent but unifying representation of 
geometry and attributes, and makes it possible to represent 
dimensionally non-homogeneous entities and their cellular 
decompositions. Hypervolume model components such as objects, 
operations and relations are introduced and outlined. The 
framework's inherent multidimensionality allowing, in particular, 
to deal naturally with time dependence promises to model 
complex dynamic objects composed of different materials with 
constructive building of their geometry and attributes. Attributes 
given at each point can represent properties of arbitrary nature 
(material, photometric, physical, statistical, etc.). To demonstrate 
a particular application of the proposed framework, we present an 
example of multimaterial modeling – a multilayer geological 
structure with cavities and wells. Another example illustrating the 
treatment of attributes other than material distributions is 
concerned with time-dependent adaptive mesh generation where 
function representation is used to describe object geometry and 
density of elements in the cellular model of the mesh. The 
examples have been implemented by using a specialized modeling 
language and software tools being developed by the authors. 

Categories and Subject Descriptors 
I.3.5 [Computer Graphics]: Computational Geometry and Object 
Modeling – Curve, surface, solid, and object representations, 
Hierarchy and geometric transformations, Physically based 
modeling; I.3.8 [Computer Graphics]: Applications.  
 

General Terms 
Design, Experimentation, Languages, Theory 

Keywords 
Multidimensional point sets, attributes, heterogeneous models, 
function representation, cellular representation, volume modeling 

1. INTRODUCTION 
Modeling heterogeneous objects is becoming an important 
research topic. Heterogeneous objects are considered in such 
different areas as modeling of objects with multiple materials and 
varying material distribution in CAD/CAM and rapid prototyping, 
representing results of physical simulations, geological and 
medical modeling, volume modeling and rendering. In this paper, 
we present an approach to modeling heterogeneous objects as 
multidimensional point sets with multiple attributes (or 
hypervolumes [25]). We consider real or abstract heterogeneous 
objects that have internal structure with non-uniform distribution 
of material and other attributes of an arbitrary nature (photometric, 
physical, statistical, etc.), and elements of different dimension. It 
means these objects are heterogeneous from the points of view of 
structure and dimensionality.  
Multidimensional point sets with a fixed dimensionality and with 
multiple attributes can be quite effectively modeled by the 
constructive hypervolume model based on real-valued vector-
functions as it was recently proposed in [24, 25]. The requirement 
of dimensional heterogeneity naturally brings the idea of adding a 
kind of cellular representation to the model. Moreover, different 
applications such as CAD or finite-element analysis require an 
explicit representation of mixed-dimensional objects along with 
the functional one. These are the main motivations for 
introduction of a new hybrid cellular-functional model. 
In this paper, we give a concise introduction to the theoretical 
framework for the hybrid model and provide practical examples 
illustrating its components. The hybrid model of hypervolumes 
combines a cellular representation and a constructive 
representation using real-valued functions. This model allows for 
independent but unifying representation of geometry and 
attributes, and makes it possible to represent dimensionally non-
homogeneous entities and their cellular decompositions. The 
hypervolume model components such as objects, operations and 
relations are introduced and outlined. 

-- 
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To demonstrate a particular application of the proposed 
framework, we present an example of multi-material modeling – 
the geological structure with multiple layers, cavities and wells. 
Another example illustrating the treatment of attributes other than 
material distributions is concerned with time-dependent adaptive 
mesh generation where function representation is used to describe 
object geometry and density of elements in the cellular model of 
the mesh. The examples have been implemented by using a 
specialized modeling language and software tools being 
developed by the authors. 

2. OTHER WORKS 
We discuss here previous works on modeling objects with varying 
distribution of material and other attributes, and approaches to 
modeling dimensionally heterogeneous objects by using cellular 
representation. Particular attention in solid modeling is paid to 
modeling objects made of multiple materials with internal material 
distribution. A non-manifold BRep scheme is used in [16] to 
subdivide an object into components made of unique materials. 
Each component is homogeneous inside and has an assigned 
index of material. Regularized set-theoretic operations are applied 
to the solid components with the corresponding operations on 
material indices based on the selection of the resulting material for 
each pair of materials and for each set-theoretic operation. In the 
object model proposed in [15], a fiber bundle is used for general 
description of all characteristics and attributes of an object. 
Geometry is considered the most fundamental attribute and is 
represented by an r-set and atlases describing decompositions of 
the r-set into a finite set of closed 3-cells. The model of attributes 
is a collection of functions mapping the object geometry to several 
attributes. The point set together with corresponding attribute 
models forms a trivial fiber bundle. Constructive operations for 
modeling functionally graded materials associated with a BRep 
geometry model are discussed in [34]. 
Voxel arrays in volume modeling and graphics can be considered 
as attribute models with the default geometry represented by a 
bounding box. Constructive Volume Geometry (CVG) [6] 
combines geometry and attributes in a systematic manner. The 
model is presented as algebra of 3D spatial objects utilizing voxel 
arrays and continuous scalar fields for representing both geometry 
and photometric attributes (opacity, color, etc.). Issues of 
modeling volumetric distribution of attributes were addressed in 
[12, 19, 27]. Gradient material distribution represented by scalar 
functions is combined in [12] with tetrahedral object 
decomposition and in [27] with a BRep model of the object’s 3D 
geometry. Trivariate NURBS splines are used in [19] to represent 
both geometry and attributes. 
Only 3D static objects and no time dependent or multidimensional 
objects are considered in the object model, CVG, and other above 
mentioned methods. Modeling of multidimensional point sets 
with multiple attributes (hypervolumes) is discussed in [24, 25]. 
The proposed constructive hypervolume model is based on 
function representation (FRep) [26] and supports uniform 
constructive modeling of point set geometry and attributes using 
real-valued functions of several variables. In this paper, we 
consider dimensionally heterogeneous objects with multiple 
attributes. As it was shown in the discussed publications, real-
valued functions serve well for modeling both geometry and 
attributes. However, many applications including CAD and finite-
element analysis require explicit representations of geometric 

elements of different dimension. The main idea of our work is to 
combine the functionally based and cellular approaches into a 
single hybrid model. 
Cellular models and their construction methods are discussed in a 
number of publications on shape modeling and solid modeling. 
Let us mention here just some of them. Multidimensional 
simplicial complexes are used in [23] for dimension-independent 
geometric modeling for various applications. A representation of 
s-sets, i.e. finite aggregates of disjoint, open regularized cells, was 
proposed in [5]. S-sets proved to be suitable for modeling 
assemblies when compared to r-sets. Selective Geometric 
Complex (SGC) [29] is a non-regularized inhomogeneous point 
set represented through enumeration as the union of mutually 
disjoint connected open subsets of real algebraic varieties. SGC 
provides a framework for representing objects of mixed 
dimensionality possibly having internal structures and incomplete 
boundaries. The Djinn API for solid modeling [3] is based on 
cellulary partitioned objects containing mutually disjoint cells 
which are manifold point-sets of differing dimensionality in 3D. 
In [9] an extension of B-splines to surfaces of arbitrary topology 
is proposed. Polyhedral complexes are used to describe the 
surface topology and to locate  control points  which are necessary 
for definition of basis functions of B-splines. In [11] CW-
complexes are used to represent the topological structure of 
implicit surfaces and solids they bound. The CW-complexes form 
a topological skeleton of the objects describing the configuration 
of critical points. A procedure for designing cellular models based 
on CW-complexes (along with object-orientated implementation) 
with the emphasis on topology validity of resulting shapes is 
considered in [17, 22].  

3. CELLULAR-FUNCTIONAL 
      HYPERVOLUME MODEL 
On the basis of the survey presented in [24], we can formulate the 
requirements for a general model of hypervolumes that are 
multidimensional point sets with multiple attributes: 

�� Independent representation of geometry and attributes; in 
particular, this means that geometry and attributes can be 
defined in different domains of an entire point set. 
Accordingly, we treat an attribute not just as a property of a 
geometric object but rather a property of a space the attribute 
is associated with, and a geometric object can or cannot 
possess (that is to say be susceptible to) a certain attribute; 

�� Coverage of time-dependent and other multidimensional 
models; 

�� Constructive modeling of both point set geometry and 
attributes using primitives, operations, and relations; 

�� The ability to model geometry and attributes using real-
valued functions (scalar fields). 

Here we introduce and discuss a general model of hypervolumes 
satisfying the requirements listed above. We build a hybrid 
(multirepresentational) model based on combining the advantages 
of FReps [26] and cellular representations. This model also 
conforms with, and further develops the volume model [21], 
hybrid volumes [2], the constructive volume geometry model [6], 
and the object model [15]. We emphasize the following three 
main specific requirements concerned with the fact that our 



framework is supposed to be employed in a number of demanding 
applications far beyond just rendering: 

�� Generality: there should be minimum restrictions concerning 
nature and features of geometric objects and attributes. In 
particular, we aim at covering very diverse geometry such as 
dimensionally heterogeneous objects (composed of curves, 
surfaces, solids), objects of a discreet nature, manifolds and 
non-manifolds, etc. The same is true regarding attributes that 
can be of a quite broad spectrum – from trivial homogeneous 
material index to a complicated microstructure and arbitrarily 
distributed temperature; 

�� Uniformity: there is a need for a framework allowing to deal 
uniformly with diverse geometry and attributes of a different 
nature (material, photometric, physical, etc.); such an 
uniformity being traced on a number of levels of 
consideration (from mathematical basics to software tools) is 
important for the practicality of the approach;  

�� Validity: the model should provide preserving invariant 
properties of geometric objects at all the levels of abstraction. 
A need for a solid mathematical basis stems from the fact that 
applications (with phases including computational modeling 
using, for instance, finite elements analysis) can require 
dealing with rigorously defined objects with valid (in 
particular, topologically) shapes and features [17]. 

Let us describe a general hypervolume model as a triple (�, �, W), 
where � is a set of hypervolume objects, � is a set of 
hypervolume operations, and W is a set of relations for the set of 
objects. Mathematically, the triple can be treated as an algebraic 
system. Here we can give just an outline of the formal framework 
to be further elaborated elsewhere.  
A hypervolume object can be expressed as a tuple,  

),...,,( 1 kAAGo � , 

where G is a multidimensional point set and Ai is an attribute. A 
complete description of the algebraic system can be found in [25]. 
To build our theoretical models, we rely heavily upon a proper 
topological framework. The relevant topological notions are 
introduced in the Appendix. 

3.1 Geometry Model 
Let us build a geometry model MG which relies on a geometric 
object’s Hybrid Representation (HRep). Such a representation is 
built on the basis of two other representations, the object’s 
Function Representation (FRep) and the object’s Cellular 
Representation (CRep).  

3.1.1 Function Representation of Geometry 
FRep for geometric object G � �, where � is modeling space,  
can be expressed as 

FGM : GF = {X | � = (x1, …, xn) � ��En, F(X) � 0 }, 

where  

F: � -> �  is a real-valued defining function of point coordinates. 
Here, F is at least a C0 continuous function, which is positive 
inside the point set G, negative outside, and has zero value on its 
boundary. So, the entire point set is represented by a single real-
valued function that allows for combining constructive solid 

modeling with scalar field techniques based on the theory of R-
functions [31, 26, 30-33]. For k-dimensional objects in nD space 
with k<n, the main idea is that the function F will be zero only at 
the points of this object and negative everywhere else. For 
example, if one wants to describe a straight line segment in 2D 
space, an equation of a straight line can be used: w(x,y)=ax+by+c. 
The inequality w�0 defines a halfplane. Then, -w2�0 defines the 
line itself, where in fact the function -w2 is never positive and only 
becomes zero on the line. The line can be trimmed using some 2D 
solid to produce one or several segments. The simplest way to 
define a segment is -w2 �0 g � 0, where g(x,y) � 0 is a definition 
of a 2D disk, and ‘�0’ stands for set-theoretic intersection defined 
by an R-function (see [31, 26, 32]). 
The geometric domain of FRep in 3D space includes solids with 
non-manifold boundaries and lower dimensional entities (surfaces, 
curves, points) defined by zero value of the function. The lower 
dimensional elements in 3D space can be defined as follows: 

�� “implicit” definition of a surface patch requires an “implicit” 
surface and a trimming 3D solid; 

�� a curve can be defined as the intersection of two surfaces, 
each defined as -f2 �  0; 

�� a point can be defined as the intersection of three surfaces, a 
curve and a surface, or directly as d(x,y,z), where d is a 
negative distance to the given point.  

Rvachev et al. [30] show that such a function representation of 
dimensionally heterogeneous objects is very useful in solving 
interpolation and boundary value problems. See also applications 
in [33]. 
The main distinctive characteristic of FRep is that the real-valued 
function defining the point set is evaluated at the given point by a 
procedure traversing a tree structure with primitives in the leaves 
and operations in the nodes of the constructive tree. Many 
operations (set-theoretic, blending, non-linear deformations, 
metamorphosis, sweeping, hypertexturing, etc.) have been 
formulated for FRep in such a manner that they yield continuous 
real-valued functions as output, thus guaranteeing the closure 
property of the representation. The main relations over 
functionally defined geometric objects are point membership, 
inclusion and intersection. 

3.1.2 Cellular Representation of Geometry 
CRep for geometric object G � � can be defined as  

CGM : GC ={ X | X� ��En, X� |Kq |}, 

where  is a q-dimensional 
CW-complex embedded in a modeling space � (q�n). Such a 
definition allows for representation of dimensionally 
heterogeneous objects in the form of union of all point sets 
associated with all cells of K endowed with subspaces topology of 
n-dimensional space. All the cells composing K are supposed to 
be defined by using traditional explicit («evaluated») scheme 
(Brep, parametric curves, wireframes, point lists). In principle, a 
number of cellular decompositions are possible, and there can be 
applications where it is useful to have more than one 
representation for the same geometry. The operation of composing 
a cellular complex representing a geometric object irrespective of 
its nature and features (it can be manifold, non-manifold, etc.) is 

},...,1;,...,1,0;{ r
r
i
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based on the procedure of attaching cells described in the 
Appendix. 
The main relations defined between elements of a cellular 
complex are incidence and adjacency. We can consider the 
relation “to be properly joined” between two cellular complexes 
(see its definition in the Appendix). Point membership, inclusion 
and intersection relations are valid for CRep too. All operations 
defined for CRep can be subdivided into three groups: analysis, 
synthesis and conversion. The first group includes operations for 
topological analysis such as determination of connectivity and 
orientability, evaluation of the homology and homotopy groups, 
and others [7, 14]. The synthesis operations include cell 
complexes’ generation procedures (described in the Appendix), 
geometric transformations, set-theoretic operations for properly 
joined complexes, various reconstructions of complexes (e.g., cell 
subdivision or collapse, replacement of a subcomplex by another 
one with the same boundary, optimization of complexes, 
transformation of a simplicial complex into a cellular one with the 
same carrier [14], etc.), selection of subcomplexes according to 
various restrictions (for example, boundary or co-boundary of a 
cell, boundary of a complex, a common subcomplex for two 
properly joined complexes, etc.). and topology transformation 
(e.g., slicing of h-genus surfaces or solids [14]). The third group 
involves procedures of conversions between FReps and CRep 
such as evaluation of functional representation for cellular 
complexes (see the discussion in 3.1.1), polygonization of FReps 
[28], and tetrahedrization of 3D solids [18]. 

3.1.3 Hybrid Representation of Geometry 
The first step towards more universal representation is to have 
both FRep and CRep for the same geometric object. Such a dual 
representation should be supported by conversions of FRep and 
CRep into each other. The entire cell complex in nD space can be 
defined as F(X) � 0, taking into account that lower dimensional 
cells with dimension k<n have only zero values of the function F 
at all their points. For each cell, first a set-theoretic representation 
is constructed, then operations are replaced by R-functions and 
nodes by the defining functions of primitives, including those 
with the description -f2 � 0 (see the details in the discussion of 
FRep above). As examples of FRep to CRep conversion, one can 
mention tetrahedrization of 3D solids and polygonization of 3D 
solid boundary. 
Cellular representation is especially useful when there is a need 
for information about the object’s internal structure or about the 
object’s boundary decomposition. However, such information 
presented by using explicit schemes can be quite bulky. For 
instance, when one wants to use complexes to represent an object 
with dimensionally heterogeneous components, detailed 
information about their internal subdivision can be redundant. 
So, a challenging idea is to integrate both representations into a 
single genuine hybrid representation (HRep) to get benefits from 
different representations, which can be merged to complement 
each other. To make this idea feasible, let us introduce a notion of 
an implicit complex. Such a complex has the following features: 

�� it is defined as a union of properly joined (see Appendix) 
cellular spaces (which we call domains to distinguish them 
from general cellular spaces); 

�� subspaces that are shared by two or more domains are 
represented by explicitly defined cellular subcomplexes; 

accordingly, some domains can be represented by explicit 
cellular complexes; for other domains, it is enough to have 
only a few explicit cells to form a base for the intersection; as 
to their complete representation, it is defined functionally; 

�� as all these cellular spaces are properly joined, they 
ultimately form a complex, which we call an implicit one. 

Formally HRep for geometric object G � � can be defined as  

HGM : GH ={ X | X� ��En, X� |Kq |},  

where Kq is an implicit q-dimensional complex (representing an 
object in En with maximal dimension q�n); it can be expressed 
as: 

��� )}),,({(, iiii m
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where q=max(s,ki), i=1,2,..,I, I is the number of implicit 
subcomplexes, Cs is a s-dimensional explicit subcomplex; 
then, for each implicit subcomplex with index i: 
Tk is a point set of a k-dimensional domain,  
Fk is a function of k arguments defining FRep for the preimage 
(Tk)’ of the point set Tk in Ek,  
hk is an embedding map of Ek to En as a homeomorphism taking 
the preimage (Tk)’ to Tk,  
Pm denotes the subcomplex with cells belonging to Tk – a domain 
with dimensionality m � min(k,s).  
We can record the following properties of Kq:  
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Note, that such a cellular-functional model can be converted to a 
purely cellular one since each implicit domain being a cellular 
space by definition, can have a cellular partition, and such a 
partition can be made independently for each domain. 
Let us enumerate some of operations on HRep objects: 

�� Building objects through composing implicit complexes; 

�� Converting FRep->CRep (in particular, to CW-complex) and 
FRep->HRep; 

�� Converting HRep->CRep (in particular, CW-complex) and 
HRep->FRep; 

�� Set-theoretic operations over HRep objects; 

�� Operations on rebuilding HRep objects (e.g., transformation 
of the complexes’ structure through their subdivision, 
simplification, etc). 

Let us illustrate the proposed hybrid representation by implicit 
complexes in 2D and 3D spaces. Fig. 1 shows a dimensionally 



heterogeneous geometric object consisting of a disk with three 
holes and three dangling line segments attached. Such an object 
can be represented as the union of two domains D1 (represents a 
2D disc with holes) and D2 (represents 1D segments). Obviously, 
D2 can be represented explicitly; as to D1, it is reasonable to use 
implicit representation with a functionally defined disk with holes 
plus a complex of three attaching points: 
K2=<C1, (T2

1(F2
1), P1

1)>, 
C1={ e0

1, e0
2, e0

3, e0
4, e0

5, e0
6, e1

1, e1
2, e1

3}, 
P1

1={ e0
1, e0

3, e0
5}, 

F2
1=F1(x,y)=[r0

2-(x-x0)2-(y-y0)2] \ [(r1
2-(x-x1)2-(y-y1)2)]  

                     \ (r2
2-(x-x2)2-(y-y2)2) \ [(r3

2-(x-x3)2-(y-y3)2)], 
where  
C1 is the one-dimensional explicit subcomplex defining the 
explicit domain D2 (it consists of three one-dimensional cells 
representing the line segments and six null-dimensional cells 
representing the end points of the line segments); 
P1

1 is the subcomplex including the cells belonging to the implicit 
domain D1; 
F1(x,y) describes the functional model of the implicit domain D1, 
where “\” denotes set-theoretical subtraction, which can be 
expressed by the R-function [31,26].  
Map h is omitted as in this case h is an identity map. 

 
Figure 1: Example of a hybrid representation in E2. 

Fig. 2 shows an example where using domains with different 
dimensionalities are necessary. The object consists of a cylinder 
with a longitudinal hole and a bent surface patch with a hole, 
which is attached to the cylinder’s surface. Here, we use two 
implicit domains. The first one, D1 is represented as a 3D cylinder 
defined functionally as F1(x,y,z)�0. The explicit part of this 
domain consists of cells corresponding to two “attaching points” 
and one “attaching” line segment. The second implicit domain D2 
presents a more interesting case. The point set T2

2 has its 
preimage (T2

2)’, which is defined on the plane (u,v) by a function 
F2(u,v)�0. Then, we must define embedding map h: E2 -> E3, 
which gives us homeomorphism taking (T2

2)’ to T2
2. The second 

domain has the same explicit part as the first one. So, the HRep is 
as follows: 
K3 = <C1, {(T1

3(F1), P1
1), (T2

2(h, F2), P2
1)}>, 

P1
1 = P2

1 = C1, 
C1 = { e0

1, e0
2, e1

1}, 
h : {x=au+e; y=bsin(cu)+d; z=gv+k;}, a,e,b,c,d,q,k are real value 
constants. 

 
Figure 2: Example of a hybrid representation in E3. 

3.2 Attribute Model 
Let us build an attribute model MA. The main principle is to define 
an attribute at any point of the modeling space. We are not going 
to impose any other restrictions; as to a meaningful interpretation 
of a certain attribute, it depends on its nature and specifics. We 
will introduce three different representations for the attribute 
model, namely one functional and two cellular-based ones. 

3.2.1 Function Representation of Attributes 
The generic model for the attribute Aj is a set of values Nj (which 
can be a vector or tensor space) embedded into a space �  of a 
proper dimension m

jm

j. Each point of the modeling space �� En is 

mapped to the attribute value set Nj. Depending on the 
application, there can be attributes with different domains: some 
of them are defined at each point of the modeling space (e.g., 
temperature), whereas others are defined in the subset of modeling 
space, in particular, only at points belonging to a geometric object 
(e.g., material attributes). For the sake of uniformity, we introduce 
an extended real space , where �  is “undefined 

value”. By assumption, for any �  and for any operation 

 defined in  .  

}{�
�

����
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,
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NN
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Then, FRep for an attribute Aj  can be expressed as 

FjAM = {(Nj, Sj)}:{Aj = { nj� Nj | nj = Sj(X ), � = (xi,…,xn) � �} } NN nn

where Sj : � -> Nj is an attribute real-valued defining 
function of point coordinates. Depending on a particular attribute, 
S

jm
�

��

j (X) can be either Ck, k � 0 or even not necessarily continuous at 
all.  

NN

In the particular case, when one needs to define an attribute as a 
property of the geometric object G, one can use the map already 
introduced, which is defined in the entire modeling space with 
values �  for points not belonging to G.  

Note, that different attributes can have both the same and different 
domains and value spaces. There are no restrictions on operations 
over attributes in the sense that all operations valid in the 

corresponding can be defined. This means it is possible, for 
instance, to add or subtract values for attributes having “the same 
type” (that is attributes values are defined in the spaces � of the 

jm
�

�

jm



same dimension mj). So, one can easily deal with multi-
component attributes, such as color composed of RGB 
components. Operations over attribute functions representing 
materials, in particular material composition operations (similar to 
ones described in [34]), can easily be introduced too. Note that 
operations over attributes can be based either on universal 
functions defined initially for geometry or on specialized library 
functions (more details can be found in [24, 25]). Also, one can 
define operations over maps themselves thus getting new maps on 
the base of already available ones. 

3.2.2 Cellular-functional Representation of 
Attributes 
If the space is partitioned and defined as an explicit or implicit 
complex K (or the geometric object is represented by CRep or 
HRep), then representation for an attribute can also be defined 
through a map but having a more complicated structure. Namely, 
such a map can be represented as a collection of maps associated 
with subcomplexes of the entire complex K in the form of a set of 
the map’s restrictions on K’s elements. Let Aj be an attribute and 

 be a corresponding q-dimensional complex (in principle, 

there can be different partitions for each attribute, although the 
situation with a single partition for all attributes is possible too). 
Then a cellular-functional representation for an attribute A

q
jK

j  is as 
follows: 

jCFAM = {(Nj, , Sq
jK j)}: 

 {Aj = { nj� Nj | nj = Sj(X ), � = (xi,…,xn) � | |} }, q
jKNN nn
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dimensionality r, I
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restriction of a set of the attribute’s values corresponding to . 
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Let us consider a simple example concerned with the definition of 
a material attribute Am for the geometrical object shown in Fig.2. 
Let the cylinder part and the bent surface be made of different 
materials with indexes �1, �2, correspondingly (�1, �2 �� ). Then, 
material attribute Am can be associated with the value set Nm={�1, 
�2 }. Two different descriptions of the material attribute can be 
constructed: the first one is based on the functional approach and 
the second one exploits the cellular-functional model. 
Namely, the function representation of Am uses the following 
attribute function Sf : 
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where F1(x,y,z) describes the cylinder part.  
The cellular-functional approach results in the attribute map SH 
defined as the collection  
SH= {S1, S2, S3, S4, S5}, where  

S1: D1->{�1}, D1 is the cylinder domain;  
S2: D2->{�2}, D2 is the bent surface domain;  

S3: e1
1 -> {�1}, 

S4:  e0
1 -> {�1;}, 

S5: e0
2 -> {�1}. 

3.2.3 Cellular Representation of Attributes 
The next logical step is to define attributes directly on a complex 
of one of the introduced types. Here, we can provide just a brief 
and rather informal outline for such a model. Let Kq be a q-
dimensional complex embedded in modeling space ��En. If 

Nj�
jm

�
� represents a set of values for attribute Aj, then one can 

build a complex Wq embedded in E . This complex can be 

treated as a model, which represents the modeling space 
integrating with the attribute. To create such a complex, one can 
define a homeomorphic map H

jmn�

j : Kq  -> Wq. To get the attribute 
value from Wq at the given point of the modeling space, we need 
to introduce a special projection operation 	j : | Wq | -> Nj. So, 
the cellular attribute model can be expressed as: 

:  )},,,,{( jj
q
j

q
jjA HWKNM

C
��

{Aj = { nj� Nj | , } }.  ))(( XHn jjj �� || q
jKX �NN

If the point | , then the attribute value is assigned to � . 

Note that such a cellular representation of attributes can cover as a 

| q
jKX �

particular case the cell tuple approach to modeling graded 
compositions described in [12]. 
The scheme can be illustrated by the following simple example. If 
we have a temperature value {ti} in a number of points {bi} in the 
modeling space ��E2, then one can triangulate the space � using 
those points as vertices. So, we get a simplicial complex K in E2. 
Then, we can build a complex W embedded in E3 but with the 
same dimensionality and structure as K – only points change their 
location in the space. There is one-to-one conformity between 
vertices bi =( bxi , byi ) � K and vi = (vxi, vyi, vzi) � W such that  
vi = H(bi) and vxi=bxi, vyi=byi, vzi=ti. Then for each point 
(x,y)���E2 its image H(x,y)= (x,y,z) �E3 is defined as follows:  

H(x,y) = 
0H(bi0)+
1 H(bi1)+
2 H(bi2), where 


0, 
1, 
2 are the barycentric coordinates of the point (x,y) in the 
corresponding triangle (bio,bi1,bi2) � K which it belongs to. 
One can get the interpolated temperature value at the point (x,y) 
as follows:  

t=	(x,y,z) = z =
0ti0+
1 ti1+
2 ti2. 
This temperature attribute is fully independent and can be 
combined with various geometric objects defined in ��E2. 
In [12] attribute values are rigidly tied with cells defining the 
object geometry, and the same base functions are applied to 
approximations of both the object geometry and the object 
attributes. In our framework, the cellular model of attributes is 
defined on the base of a cellular complex that is fully independent 
from the geometry model. So, we can use different cell complexes 
for descriptions of the geometry and attributes. Moreover, we can 
combine the cellular model of attributes with the functional or the 
cellular-functional model of the geometry. For example, we can 
apply the above introduced cellular model of the temperature field 



to the geometry model shown in Fig.1. The extended B-spline 
described in [9] can be considered as another more complicated 
example of the embedding map H. 

3.3 Hybrid Hypervolume Model 
Now we can define a unifying hypervolume model as a composite 
(collection) of its geometry and attribute models: 

kj AAAGHV MMMMM ������ ......
1

, 

where operator � is a topological product. The component models 
are heterogeneous:  

HCF GGGG MMMM ��� , 

jCjCFjFj AAAA MMMM ��� . 

Then, a hypervolume object can be modeled as a product set 
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Let us summarize the main features of the hypervolume model 
which make it distinct from the related ones, in particular 
described in [15, 12, 34]: 
�� The hybrid hypervolume model is quite versatile. It 

integrates functional and cellular definitions both for the 
geometry and attributes that allow us to get benefits from 
different representations and to create mathematically valid 
models of a quite broad set of real objects and phenomena. 

�� The hybrid hypervolume model is inherently 
multidimensional and also covers dimensionally 
heterogeneous models. 

�� In the hybrid hypervolume model, geometry and attributes 
are completely independent, although they can share the 
same space. Actually, geometry and attributes each occupy 
their own part of multidimensional modeling space; these 
parts can overlap or coincide. 

4. CASE STUDIES 
In section 3, we have provided examples illustrating the hybrid 
representation in the form of the implicit complexes (see Figs.1 
and 2 in Section 3.1.3). In this section, we describe case studies 
concerned with practical applications. They allow us to show how 
such model components as functional models of geometry and 
attributes (Section 4.1), and conversion between functionally 
defined and cellular objects (Section 4.2) can be implemented by 
using special software tools being developed by the authors. 

4.1 Modeling Geological Structure 
Heterogeneous objects in geosciences usually consist of multiple 
layers of different materials with cavities, wells, and other 
irregularities. We present here a simplified example of a 
functional model of such a geological object. There are two steps 
in making this model: description of the point set geometry and 
description of material attributes. The basic geometric model 

shown in Fig. 3 is described by a single function ,F  

where X is a vector of 3D point coordinates, 
0)( �Xgeom

,)()( 0000 cutwellcavitybboxreliefgeom FFFFFF �������  
Frelief defines a solid bounded by the top curvilinear surface and 
the bottom plane, Fbbox is a function defining a bounding box for 
the model, Fcavity is a model of cavities made using an algebraic 
sum between the functions of an ellipsoid and solid noise, Fwell 
represents a gas well modeled as union of two cylinders and a 
toroidal segment, and Fcut serves for producing a zigzag cut of the 
full object. The symbol �0 stands for the R-function defining set-
theoretic intersection between two functionally defined solids (see 
[31, 26]): 

22
0 BABABA ffffff �����  

For the model of the “relief” solid, we used the following 
expression: , where z=fzzyxfF reliefrelief 0)),(( ��� relief(x,y) 

defines the top curvilinear surface of the object, and z value of the 
bottom plane is zero. 

 

 
Figure 3: Geological structure: a geometric model without 

attributes. 

The five material layers shown in Fig. 4 using different textures 
are presented in the attribute model by the space partition 
different from the basic geometric model. For the i-th layer, the 
defining function is 

 ,  )),(()),(( 01 zyxfzyxfF iii �����
�

where i=1,4, f5=frelief, and z=fi(x,y) defines the top surface of the 
layer. In the simplest case of the homogeneous material 
distribution inside the layer, the single material attribute can be 
defined as 
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where Mi is a material index, and �  stands for the undefined 
value (see the discussion of the attribute model above). The 
priority to the material index on the surfaces separating the layers 
is given by the procedure of scanning the indices for checking the 
condition . The complete functional hypervolume model 0�iF



is defined as o  In fact, the visual appearance of the 

layers in Fig. 4 is achieved not by attaching surface textures, but is 
automatically obtained by volume rendering of the hypervolume 
with the set of attributes assigned to each point instead of the 
material index.  
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Figure 4: Geological structure: a model with attributes. 

The full functional hypervolume model in this case looks like: 

),,...,, 1321 AAA  

where Ai are photometric attributes (color components, opacity, 
etc.). In Fig. 4 trigonometric and quasi-random functions were 
used to define attributes of the layers. The grading material and 
other types of attribute distribution can be modeled in a similar 
way. 
Specialized software tools have been developed to model and 
visualize such hypervolumes. An extension of HyperFun language 
[1] was introduced in [24] for modeling arbitrary point attributes 
along with geometry. A polygonizer for the surface mesh 
generation and a HyperFun plug-in to POVRay are used for 
visualization. 
As these tools are dedicated to surface rendering, we also 
combined the HyperFun language with vlib [36], a volume 
graphics API based on CVG. As it was mentioned previously, in 
CVG, geometry and attributes are deeply connected, and namely 
the opacity attribute defines in some sense the geometry. To use 
that API with our model, we have to conform to the CVG 
definitions. To do so, one has to simply map the attributes of the 
extended real space �  to the default CVG attributes, e.g., an 
opacity factor equal to 0 for full transparency. In this way, any 
HyperFun model with attributes can be rendered using vlib to 
obtain images of objects with varying material distribution inside 
as in Fig. 4. It is possible to convert this functional model to a 2D 
cellular complex using surface polygonization of the entire solid 
or of an individual layer. The next step is to use this surface 
discretization to generate a 3D cellular complex using advancing 
front tetrahedrization algorithms [18]. 

4.2 Adaptive Mesh Generation 
We present here examples concerning adaptive mesh generation 
to illustrate the treatment of attributes other than material 
distributions. From the theoretical point of view, the presented 
application is based on the conversion between a functionally 

defined 2D object with an attribute to a 2D cellular complex 
(triangular mesh). The next step is made to a one dimension 
higher problem, where the object attribute and the resulting 
cellular complex become time-dependent. 
Unstructured grids have found widespread use in computational 
physics, visualization and data interpolation. An accurate 
numerical solution requires the domain being discretized 
sufficiently to describe the geometry and physics of the problem. 
The geometrical compatibility can be achieved by automatic mesh 
refinement in regions of high curvatures of the boundary surface 
or contour. The physical compatibility dictates a close correlation 
between the size and shape of mesh cells and the behavior of the 
solution that is sought. A varying density of mesh elements can be 
used to model complex problems with high accuracy. The 
appropriate element size distribution may be prescribed by the 
user if he has knowledge of the physical situation a priori. But it is 
often the case that the detailed information is not available prior 
to the numerical simulation. In these cases, the element size 
distribution is provided by a mesh size prediction algorithm in the 
adaptive analysis procedure. The information about the desired 
element size and shape is used by mesh generation algorithms.  
It may be necessary to describe appropriate element size not only 
on the boundary but also in some spatial regions inside the 
domain (e.g., heat-source, oblique shock in supersonic flow, etc.). 
One of the techniques commonly used for these purposes is based 
on so-called sources [18]. The element size for a location X in the 
domain is given as a function of the closest distance to source 
�(X). Typically, a small element size is desired close to the source, 
and a large element size is more preferable far from it. Moreover, 
the element size should be, in many cases, constant (and small) in 
the vicinity �<�0 of the source. Power, exponential or polynomial 
functions of � [18] are usually used to specify the proper element 
size. Given a set of m sources, the minimum element size 
computed for each of them is taken whenever an element is to be 
generated. For moving bodies (solid, liquid, gaseous), the points 
defining the relevant sources may be synchronized in their 
movement with the movement of the respective body. This allows 
for high quality remeshing for non-stationary problems. 
Let us consider the application of hypervolumes with a functional 
model of attributes for the description of mesh elements density. 
We assume that an attribute S(X) is defined everywhere in the 
space Rn and an arbitrary value Sj=S(Xj) is interpreted as the 
desired mesh element size at the point Xj. Geometry of the sources 
is specified by FRep. Then, we can use a value of the function 
describing the source at a point X as a measure of the closest 
distance from X to the source, �(X)= �(F(X)). For example, the 
shape of a point-source may have the following functional 
definition: F(x)=a - |X-X0| � 0 , where X0 is the center of the 
source, a is its radius, |X-X0| is the distance between the points X 
and X0. Here, we use normalized F(X) so �(X)=F(X). An 
analogous functional description can be created for sources of 
different shapes. The element size attribute Ai generated by the ith 
source is defined in the following way: 
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This formula provides the geometrical progression law of the 
element size increase. Here hmin, and hmax are the minimal and 
maximal admissible sizes of the elements and ki is the coefficient 
of the progression (ki�1), Fi(X) is the functional description of the 
ith source. The overall element size distribution attribute A 
depending on all m sources is calculated as follows 
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Figs. 5, 6 illustrate the example concerning the heat transfer 
problem. In this example, it is necessary to generate an adaptive 
mesh in the two-dimensional object shown in Fig. 5. The domain 
geometry is described by FRep as follows: 

)),(())(()( 2010 XFXFFXF oo ����� �
 where 

F�(X) describes the rectangle, F�1 (X), F�2 (X) define left and right 
holes, and the symbol �0 stands for the R-function defining set-
theoretic intersection (see 4.1). Taking into account the problem’s 
conditions, we have introduced five mesh density sources (one of 
the point and four of the segment types) which coincided with the 
heat sources. The sources’ locations are shown in Fig. 5 with 
color distribution visualizing the corresponding distribution of the 
element size attribute values. The element size attribute was used 
for automatic mesh generation based on the advancing front 
technique. The final mesh is shown in Fig. 6. 

 
Figure 5: Distribution of the mesh density attribute values for the 

heat transfer simulation. 

Figs. 7, 8 illustrate the generation of a time-dependent mesh for 
simulation of the nonlinear stage of the Rayleigh-Taylor 
instability in the gravitational field. In this example, we have a 
rectangular domain consisting of two different materials – heavy 
(upper) and light (lower) gases. The mesh density sources are 
placed along the interface between the two different gases. The 
source locations cannot be prescribed beforehand, so they are 
determined automatically during the numerical simulation. The 
series of pictures in Figs. 7, 8 show the element size distribution 
and the corresponding adaptive meshes for various time steps. 
The test examples were prepared using the software tools intended 
for the data preprocessing in computational physics [13]. These 
tools provide input/output CRep of the initial boundary and the 
resulting decomposition, interactive specification of the mesh 
density sources described by FRep, automatic mesh generation on 
the base of the advancing front method, mesh optimization 

including Laplacian smoothing and edge swapping, generation of 
the dual Dirichlet tessellation. The tools are being integrated with 
HyperFun tools into a single environment. 

 
Figure 6: Adaptive mesh for the heat transfer simulation. 

5. CONCLUSION 
Let us summarize the main contributions of this work. In this 
paper, we 

�� used multidimensional point sets with multiple attributes 
(hypervolumes) as a base for modeling of heterogeneous 
objects; 

�� introduced rigorous topological framework as a solid 
mathematical base for independent but unifying 
representation of geometry and attributes; 

�� proposed both a functional and a cellular representation to 
model objects, which are heterogeneous in their 
dimensionality and internal structure defined by attributes; 

�� described the functional and cellular models of object 
geometry and attributes on the base of the rigorous survey 
and classification of relevant topological notions; 

�� introduced and discussed a hybrid cellular-functional model 
by using the notion of an implicit complex; 

�� provided the case studies of modeling heterogeneous objects 
using the functional and cellular representations supported 
by original experimental software. 

As cellular-functional modeling is a new research direction, a lot 
of work should be done, and we will continue our research on the 
models as well as development of corresponding software tools 
and applications. 
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Figure 7: The distribution of the mesh density attribute values for various time-steps in the numerical simulation of 

the Rayleigh-Taylor instability. 

 
Figure 8: The adaptive meshes for various time-steps in the numerical simulation of 

the Rayleigh-Taylor instability.  

 
  

7. APPENDIX 
Topological Framework 
Let us introduce some necessary topological notions summarized 
on the basis of a number of sources [4, 35, 20, 8, 7, 10].  

7.1 Cells and Cellular Spaces 
A topological space X is called a cellular space if it can be 

represented as the union of nonintersecting sets e , called cells 
(where q is the dimension of the cell and i is its index number) 

, and the following conditions are satisfied:  
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Such a cellular structured space is called CW-space [8] (“CW” 
stands for “Closure-finite with the Weak topology”). The p-
skeleton of X consists of cells, whose dimensions do not exceed p. 
Each skeleton Xp-1 is a subspace of Xp. For any cellular space X 
we can get a sequence of skeletons Xp, such that 

Xo � X1 �…  �Xp  … �X ;  �
n

p

pXX
0�

�

This sequence is called filtration. 

7.2 Complexes 
A collection K of cells forming a CW-space X and satisfying the 
conditions listed above is called a CW-complex [32]. So, 

q
q
i minqeK ,1;,0},{ ���  . 

Then, X is called a carrier or an underlying space of K. It is  
denoted accordingly as K=�(X) and X=|K|. The dimension of K is 
the maximal dimension of the cells of X. 
Depending on restrictions on cell geometry and types of 
characteristic maps, complexes of other types can similarly be 
defined. In particular, one can deal with simplicial complexes, 
polyhedral complexes (with cells composed of convex polytopes) 
and cell (curvilinear) complexes (with cells homeomorphic to 
polytopes). In some applications, very special cell geometry and 
restricted types of maps can allow for designing efficient 
algorithms dealing with complexes. Building the framework based 
on CW-complexes, one can imply that all the conclusions can 
easily be applied to complexes of other types. 

A subset L of cells of the CW-complex K (L�K) is a CW-
complex called a subcomplex of K, if and only if for each cell 

 either  or Ke q
i � ��� Le q

i Le q
i �

C

. The corresponding 
cellular space |L| is a closed subspace of |K|, |L|�|K|. Union or 
intersection of any subcomplexes L , M�K is a subcomplex of K. 
We state that two cellular complexes A and B are properly joined 
if either  or , where C is a subcomplex of 
both A and B. Union of properly joined cellular complexes is also 
a cellular complex. The similar assertion is true regarding the 
corresponding cellular spaces. 

�� BA��BA �

Complexes are partially ordered sets. The main topological 
relation between pairs of cells in a cellular complex is “to be a 
face”. A cell d is a face of a cell e (d�e) if d belongs to the closure 
of e. If d<e, then d is said to be a proper face of e. Other relations 
can be defined on the base of this one. Two cells e and d are 
incident if d is a proper face of e, or e is a proper face of d. Two 
cells e and d are adjacent if there exists another cell in the 
complex which is a proper face of both e and d. 

7.3 Composing cellular spaces 
A cellular space can be composed via attaching cells [20, 22]. We 

can add a new cell d  to the topological space X by identifying 

the boundary of the cell with the points of (p-1)-skeleton X

p

p. Let 
pB be a p-dimensional ball. Then,  is an interior of pB pB  and 
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If , , then one can obtain a 

new cellular space Y by attaching 

�
p )

B to X. The restriction of 

 on  is called an attaching map. We denote it by 

. The new space Y is defined as a quotient space of 

disjoint union of X with  by quotient mapping f: 

(/( � xfx   

If K is a cellular decomposition of X (i.e., |K|=X), then the 
complex L corresponding to the new space Y (i.e., |L|=Y) is 

obtained by adding the new cell d  to K, so 

. The map �  is the characteristic map of the cell 

 So, one can construct a cellular space X using cells of 

increasing dimensions. We start from a disjoined union of points, 
which form the 0-skeleton X0. Then the skeleton Xp is obtained 

from the skeleton Xp-1 by attaching �  to X
i

p-1 through an 

attaching map F.  
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is disjoint union of p-dimensional balls, S  are 

their boundaries, F(x) is a surjective and continuous 

function: . 

This procedure has a constructive nature and can be very useful in 
composing models within the cellular-functional framework. 
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